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The balance of global integration and functional specialization is a critical feature of efficient
brain networks, but the relationship of global topology, local node dynamics and information
flow across networks has yet to be identified. One critical step in elucidating this relationship
is the identification of governing principles underlying the directionality of interactions between nodes. Here, we demonstrate such principles through analytical solutions based on
the phase lead/lag relationships of general oscillator models in networks. We confirm analytical results with computational simulations using general model networks and anatomical
brain networks, as well as high-density electroencephalography collected from humans in
the conscious and anesthetized states. Analytical, computational, and empirical results
demonstrate that network nodes with more connections (i.e., higher degrees) have larger
amplitudes and are directional targets (phase lag) rather than sources (phase lead). The relationship of node degree and directionality therefore appears to be a fundamental property
of networks, with direct applicability to brain function. These results provide a foundation for
a principled understanding of information transfer across networks and also demonstrate
that changes in directionality patterns across states of human consciousness are driven by
alterations of brain network topology.

Author Summary
Current brain connectome projects are attempting to construct a map of the structural
and functional network connections in the brain. One goal of these projects is to understand how network organization determines local functions and information transfer
patterns, which is essential to achieve higher cognitive brain functions. Because of the
limitation of constructing all brain maps for all cognitive states, finding a general relationship of global topology, local dynamics and the directionality of information transfer
in a network is crucial. In this study, we show that inter-node directionality arises
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naturally from the topology of the network. Analytical, computational, and empirical results all demonstrate that network nodes with more connections (i.e., higher degree) lag
in phase, while lower-degree nodes lead. Our mathematical analysis allowed us to predict
the directionality patterns in general model networks as well as human brain networks
across different states of consciousness. These findings may provide more straightforward approaches to dissecting how directionality between interacting nodes is shaped in
complex brain networks, providing a foundation for understanding principles of information transfer. Furthermore, the underlying mathematical relationship between node
connections and directionality patterns has the potential to advance network science
across numerous disciplines.

Introduction
Current large-scale initiatives are attempting to construct a map of the structural and functional network connections in the brain [1, 2]. One critical goal of these initiatives is to understand the mechanism by which local and functionally specialized neural activity becomes
globally integrated to achieve efficient brain function [3–5]. Neural oscillations may represent
one mechanism of what is sometimes referred to as “information flow” between segregated
neural nodes [6–9]. However, in order to understand the principles of information transfer
across networks, the mechanisms of directionality between the oscillations of interacting
nodes need to be elucidated.
There have been a number of computational studies on the relationship of network structures,
local dynamics, and directional connectivity [10–13]. More recently, a causal relationship between global brain network topology and the dynamics of corticocortical interactions has been
postulated [14, 15]. Emerging empirical data and computational models suggest that the relative
location of neuronal populations in large-scale brain networks might shape the neural dynamics
and the directional interactions between nodes, which implies a significant influence of global topology on local dynamics and information flow [16–21]. For example, a study analyzing the
electroencephalogram (EEG) recorded from human volunteers demonstrated that if a brain region is topologically more accessible to other brain regions, then it has a larger variability in its
local activity [16]. As another example, a magnetoencephalogram (MEG) study showed that variability in the MEG sources determines the direction of information flow between local brain regions [17, 18]. These studies provide empirical evidence of a direct influence of brain network
topology on variability of local brain activity and directionality in brain networks. In addition,
computational models and simulation studies of global brain networks have revealed that hub
nodes (i.e., nodes with extensive connections) have a significant influence on the local node dynamics and the direction of information flow in normal and pathological brains [19–21]. For example, Stam et al. showed in a model that the phase lead/lag relationship between local node
dynamics is correlated with the degree of the node [19]. However, these past studies all describe
special cases without analytical or direct empirical support; a general mechanism that links global
network topology, local node dynamics and information flow has yet to be identified.
In the current study we address an important prerequisite to understanding this general
mechanism by identifying the relationship of topology, local dynamics and directionality. The
directionality of interactions between nodes was studied through the modulated phase lead/lag
relationship of coupled oscillators in general network models, large-scale anatomical brain network models and empirically-reconstructed networks from high-density human EEG across
different states of consciousness (Fig 1). Analytical, computational and empirical results
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Fig 1. Methodological flow of the study. (A) The methodology of the study is shown sequentially. We simulated oscillators zj(t) on model complex networks,
then derived the analytical result. We applied the same simulation scheme for the human anatomic network and empirically validated the result from human
EEG analysis. We made predictions by applying the simulation scheme to the human brain networks. (B) The simulation scheme for networks is shown.
Stuart-Landau oscillators zj(t) were applied to the node of each network. We measured whether the signals from each oscillator would phase lead or lag
compared to other oscillators using dPLI. (C) We analytically demonstrate that for oscillators zj(t) on networks with sufficient coupling strength S and small
time delay τjk, if degree of node m is larger than degree of node n, the amplitude will be larger and phase lag n. (D) From 64 channel human EEG data, we
constructed a connectivity network between each channel and measured phase lead/lag relationships by dPLI.
doi:10.1371/journal.pcbi.1004225.g001

demonstrate definitively that the node degree (i.e., the number of connections to other nodes)
defines both the directionality between local node dynamics and the amplitude of the oscillations at that node. Importantly, the directionality is shown to result from inhomogeneous interactions of local dynamics and can be differentiated from the conventional observation of
directed physical connections.

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004225 April 14, 2015

3 / 21

Global Topology, Local Dynamics, and Directionality in a Network

Results
Identification of mathematical relationships among node degree,
amplitude of local oscillations and directionality of interactions
The central purpose of this study was to identify a general relationship of network topology,
local node dynamics and directionality in inhomogeneous networks. We proceeded by constructing a simple coupled oscillatory network model, using a Stuart-Landau model oscillator
to represent the neural mass population activity at each node of the network (see Materials and
Methods, and S1 Text for details). The Stuart-Landau model is the normal form of the Hopf bifurcation, which means that it is the simplest model capturing the essential features of the system near the bifurcation point [22–25]. The Hopf bifurcation appears widely in biological and
chemical systems [24–33] and is often used to study oscillatory behavior and brain dynamics
[25, 27, 29, 33–36].
We first ran 78 coupled Stuart-Landau models on a scale-free model network [37, 38]—that
is, a network with a degree distribution following a power law—where coupling strength S between nodes can be varied as the control parameter. The natural frequency of each node was
randomly drawn from a Gaussian distribution with the mean at 10 Hz and standard deviation
of 1 Hz, simulating the alpha bandwidth (8-13Hz) of human EEG, and we systematically varied
the coupling strength S from 0 to 50. We also varied the time delay parameter across a broad
range (2~50ms), but this did not yield a qualitative difference in the simulation results as long
as the delay was less than a quarter cycle (< 25 ms) of the given natural frequency (in this case,
one cycle is about 100 ms since the frequency is around 10Hz). The simulation was run 1000
times for each parameter set. Subsequently, the directionality between all local node dynamics
was measured using the directed phase lag index (dPLI), which calculates the phase lead and lag
relationship between two oscillators (see Materials and Methods for detailed definition) [19].
dPLI between two nodes a and b, dPLIab, can be interpreted as the time average of the sign
of phase difference a  b . It will yield a positive/negative value if a is phase leading/lagging b,
respectively. dPLI was used as a surrogate measure for directionality between coupled oscillators [19]. Without any initial bias, if one node leads/lags in phase and therefore has a higher/
lower dPLI value than another node, the biased phases reflect the directionality of interaction
of coupled local dynamics. dPLI was chosen as the measure of analysis because its simplicity facilitated the analytic derivation of the relationship between topology and directionality. However, we note that we also reach qualitatively similar conclusions with our analysis of other
frequently-used measures such as Granger causality (GC) and symbolic transfer entropy (STE)
(see S1 Text and S1 Fig for the comparison) [39–41].
Fig 2A–2C demonstrates how the network topology is related to the amplitude and phase of
local oscillators. Fig 2A shows the mean phase coherence (measure of how synchronized the oscillators are; see Materials and Methods for details) [42] for two groups of nodes in the network:
1) hub nodes, here defined as nodes with a degree above the group standard deviation (green triangles, 8 out of 78 nodes); and 2) peripheral nodes, here defined as nodes with a degree of 1 (yellow circles, 33 out of 78 nodes). When the coupling strength S is large enough, we observed
distinct patterns for each group. For example, at the coupling strength of S = 1.5, which represents a state in between the extremes of a fully desynchronized and a fully synchronized network
(with the coherence value in the vicinity of 0.5), the amplitudes of node activity are separated
into two groups—hub nodes, with larger amplitudes, and peripheral nodes, with smaller amplitudes (Fig 2B). More strikingly, the phase lead/lag relationship is clearly differentiated between
the hub and peripheral nodes: hub nodes phase lag with dPLI <0, while the peripheral nodes
phase lead with dPLI >0 (Fig 2C). Fig 3 shows the simulation results in random and scale-free
networks, which represent two extreme cases of inhomogeneous degree networks. This figure
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Fig 2. Distinct local dynamics of hub and peripheral nodes. A coupled Stuart-Landau model oscillator was simulated on a scale-free network with 78
nodes; distinct local dynamics at hub nodes (green triangle: defined as nodes with degree above the group standard deviation), and peripheral nodes (yellow
circle: defined as nodes with degree 1) are found as coupling strength S is varied. (A) Mean phase coherence (PC), (B) amplitude, and (C) averaged dPLI for
~~ is the order parameter. We
the two groups of nodes are presented. (D) The average coupling strength of j, K , is shown as function of amplitude r  . Here, R
j

j

~~Þ2 is a monotonic increasing function of ðr  Þ2 , such that if K > K ; then r  > r  . For the simulation, the time delay between
analytically identified that ðKj R
a
b
j
a
b
each node was given as 10ms.
doi:10.1371/journal.pcbi.1004225.g002

clearly demonstrates that larger degree nodes lag in phase with dPLI <0 and larger amplitude
(see S2 Fig for various types of networks: scale free, random, hierarchical modular and two different human brain networks) even at the coupling strength S = 1.5, where the separation of activities between hub nodes and peripheral nodes just begins to emerge. To explain these
simulation results, we utilized Ko et al.’s mean-field technique approach to derive the relationships for the coupled Stuart-Landau oscillators with inhomogeneous coupling strength, which
in turn can be applied to inhomogeneous degree networks by interpreting inhomogeneous coupling strength as inhomogeneous degree for each oscillator [43]. We then proceeded to identify
the relationships between network topology (node degree), node dynamics (amplitude) and directionality between node dynamics (dPLI) (see S1 Text for complete derivation).
The analytical results demonstrate that, for the Stuart-Landau oscillators with the same natural frequencies and inhomogeneous coupling, when the coupling strength between oscillators
is sufficiently high and the delay time given as constant between them is sufficiently small,
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Fig 3. Relationships of node degree, amplitude and dPLI in inhomogeneous model networks. The Stuart-Landau model was simulated on two different
inhomogeneous networks, a random network (A, C) and a scale-free network (B, D). The dPLI and amplitude have strong correlations with node degree,
which demonstrate the relationship between network topology (node degree) and local node dynamics (i.e., phase and amplitude modulation). Larger node
degrees have phase lag (dPLI <0) and larger amplitude, while smaller node degrees have phase lead (dPLI >0) and smaller amplitude, irrespective of the
type of inhomogeneous network. Average dPLI for each node was calculated by averaging the dPLI values of each node with respect to all other nodes. For
the simulation, the time delay between each node was given as 10ms. The coupling strength S was set to 1.5, where the separation of activities between hub
nodes and peripheral nodes begins to emerge.
doi:10.1371/journal.pcbi.1004225.g003

~ can only have a monotonically increasing relationship with respect to ðrj Þ as shown in
ðKj RÞ
Fig 2D. Here Kj corresponds to the average coupling strength to oscillator j, and is interpreted
~ is the order parameter
as the degree of node j, kj, times the coupling strength S (Kj kjS), and R
(sum of all oscillators: see S1 Text for details). Therefore, the following relationship holds:
2

2

if Ka > Kb ; then ra > rb :

ð1Þ

In other words, nodes with higher degrees naturally have larger amplitudes. The analytic results also demonstrate the following:


if ra > rb ; then tan a  F þ b < tanðb  F þ bÞ
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Accordingly, if ða  F þ bÞ 2  p2 ; p2 , then a < b , for tan(x) is monotonically increas

ing function of x for x 2  p2 ; p2 . Here a and b are the phase of node a and b, respectively,
Ф is the average phase across all nodes and β is the time delay. The inequality states that if the
amplitude of node a is larger than that of node b, then it follows that the phase of node a is
smaller than the phase of node b. Thus, a will phase lag b.
Therefore, given two nodes a and b with their degrees ka>kb, our results show that the amplitudes and phases will be ra > rb and a < b , respectively. By definition, dPLIab (defined as
the time average of the sign of phase difference a  b ) will have a negative value. In short,
higher-degree nodes have larger amplitude and phase lag (dPLI<0), while lower-degree nodes
have smaller amplitude and phase lead (dPLI>0). The inequalities for node degree k, amplitude r and phase ϕ mathematically explain how the degree of a network node is related to the
amplitude and phase of oscillation.
We note that we have also repeated the same analysis with the coupled Kuramoto model,
which is the canonical model capturing the dynamics of the oscillator network with only a single phase variable for each oscillator [6, 25, 33, 44, 45] (see S1 Text for its relationship to more
complex models), and found it yields the same result: higher degree nodes phase lag with dPLI
<0 (see S1 Text for the analytical derivation and S3 Fig for the simulation result). In the next
section, our analytic studies for two extreme cases of inhomogeneous networks of Gaussian
(random) and power-law (scale-free) degree distributions will be applied to complex human
brain networks.

Confirmation of node degree/directionality relationship in a
computational model of human brain networks
The network topology of the human cortex consists of primary hubs in the posterior-parietal
region with most peripheral nodes located in the frontal region [46–48]. We predict that this
archetypical topology gives rise to the characteristic amplitude topography and directionality
pattern observed in the human brain. To test this hypothesis, we simulated human brain networks for both conscious and unconscious (i.e., uncoupled) states. An anatomical network
from diffusion tensor imaging (DTI) was used as the underlying network for the model oscillators [47]. Each network node represents one of 78 cortical regions and two nodes were considered connected if the probability of fiber connections exceeded a statistical criterion. The
anatomical network has the following properties: 1) small-world network, 2) scale-free degree
distribution with an exponential cut-off, 3) higher degree nodes are mostly distributed in the
parietal and occipital lobes, whereas the lower degree nodes are located in the frontal lobe.
Alpha-band neural oscillations were simulated with 78 coupled Stuart-Landau models on the
anatomical network. In order to study the effect of changing the brain network topology, we
also perturbed the anatomical network in proportion to the degree of the nodes. Therefore, the
hub structures were preferentially disrupted, which is consistent with empirical observations of
the behavior of the human brain during anesthetic-induced unconsciousness [49].
In mathematical terms, the preferential disruption of hub nodes is given by multiplying 1/gγ
factor to the coupling strength S in eqs (2) and (3) (see Materials and Methods). Here g is the degree for each node, and γ is the perturbation strength. Higher values of γ generate stronger perturbations of the node. For γ = 1, the network becomes homogeneous with the coupling strength
S for a node normalized by its degree: S/g. Otherwise, if γ >1, the coupling term S/gγ will be
smaller for a node with high degree producing a larger perturbation effect for such a node.
Therefore, an excessive perturbation of γ >>1 will yield an inverse hub-periphery structure.
Fig 4A and 4C clearly demonstrate a negative correlation between node degree and dPLI
(Spearman correlation coefficient = - 0.61, p<0.01) and positive correlation between node
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Fig 4. Relationships of node degree, amplitude and dPLI in human neuroanatomical networks. The Stuart-Landau model was simulated on the human
anatomical brain network before ((A), (C) and (E)) and after ((B), (D) and (F)) perturbation with preferential disruption of hub nodes. The general relationship
of node degree, amplitude and dPLI is also demonstrated in this modeled human brain network. The strong negative correlations between node degree and
dPLI in (A) and the strong positive correlation between node degree and amplitude in (C) disappear in the perturbed homogeneous network ((B) and (D)).
Average dPLI for each node was calculated by averaging the dPLI values of each node with respect to all other nodes. The anatomical connectivity of
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different brain regions are presented in (E) and (F) ring plots together with average dPLI value for each region. The nodes are aligned in groups: frontal lobe,
central regions (including motor and somatosensory cortex), parietal lobe, occipital lobe, temporal lobe, limbic region, and Insula (Ins). Red arrow in (E)
points to left and right precuneus. Color of each node shows the average dPLI values with respect to other nodes, from red (dPLI = 1) to blue (dPLI = -1).
Average dPLI for each group is also shown in color. The inset within the ringplot shows connections between nodes, highlighted by darker color if the node
has a higher degree of connections. Only the links from hub nodes (node with degree value within top 30%) are colored. In the simulation, the time delay
between each node was given proportional to the delay, with propagation speed of 6m/s. The coupling strength S was given as 3. The full names for the
cortical regions of the human brain network are available in Gong et al. [47].
doi:10.1371/journal.pcbi.1004225.g004

degree and amplitude of oscillators (Spearman correlation coefficient = 0.92, p<0.01) at coupling strength S = 3. As predicted, higher degree nodes have higher amplitude and stronger incoming directionality than lower degree nodes (dPLI<0). Fig 4B and 4D show that after the
perturbation (γ = 1), the correlations among node degree, amplitude and dPLI disappear. The
homogenized network does not produce any biases in the directionality and amplitude distribution in the modeled brain. Fig 4E and 4F present the relationship between the node degree of
the anatomical brain network and dPLI of the alpha oscillators as a ring plot. In the anatomical
brain network, the parietal-occipital regions have the higher node degrees (presented as dense
and dark connections). Notably, the left and right precuneus in the parietal region have the
highest node degrees (denoted with red arrows in Fig 4E), while the lower node degrees are
mostly distributed in the frontal region. The functional network strongly correlates with the
anatomical network. Accordingly, the two precuneus regions have the largest negative dPLI
values, playing a role as the strongest target of directionality, and the typical overall network topology produces the dominant directionality from frontal region (as source; red color
(dPLI>0) in the ring in Fig 4E) to the parietal-occipital region (as sink; blue color (dPLI<0) in
the ring in Fig 4E). However, after perturbing the heterogeneous human network to a homogeneous functional network topology, the typical patterns in amplitude and directionality are
neutralized (presented as the same green color (dPLI~0) in the ring in Fig 4F).
In summary, this simulation of normal and perturbed human brain networks clearly demonstrates that the typical topology of the anatomical brain network shapes the spatial distribution of node amplitude and the characteristic directionality patterns. Furthermore, the
perturbed network topology with preferential hub disruption produces homogenized patterns
in amplitude and directionality across the network. To test whether or not these results depend
on the given network, we repeated the same analysis with another human anatomical network,
which is based on 66 parcels of the cerebral cortex [46], and observed qualitatively similar results (see S4 Fig).

Confirmation of node degree/directionality relationship in human EEG
networks during conscious and unconscious states
In order to verify the theoretical predictions of the directionality and amplitude patterns in
human brain networks before and after perturbation, we analyzed empirical EEG data collected
from human volunteers in states of consciousness (eyes closed, at rest) and anesthetic-induced
unconsciousness. Since anesthesia primarily disrupts hub structures in the human brain network [49], we predicted that the directionality toward the hub nodes would be preferentially
disrupted, which would manifest in the empirical data as a disruption of front-to-back directionality between primary peripheral nodes in frontal region and primary hub nodes in posterior-parietal regions. 64-channel EEG was recorded continuously from 7 healthy human
volunteers during consciousness and sevoflurane-induced unconsciousness; 5-minute artifactfree epochs were analyzed (see Materials and Methods for the details on the EEG experiment).
Recorded data were referenced to the vertex. After the experiment, EEG data were re-referenced to an average reference, and data from the vertex channel was calculated, yielding a total
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of 65 EEG data channels for analysis. Graph theoretic network analysis was applied to construct functional brain networks from the EEG. Phase lag index (PLI), a measure of phase locking between two signals, was calculated between all combinations of EEG channels, and
channel pairs constituting the top 30% of PLI values, a threshold at which the results match
well with those of model network, were chosen as the functional connections of the network
[50]. The directionality was estimated for each channel by calculating the average dPLI between
a given channel and each of the remaining 64 EEG channels. Because anesthesia causes a large
spectral change in EEG during the transition from consciousness to unconsciousness, we examined 6 frequency bands (delta: 0.5–4Hz, theta: 4–8Hz, alpha: 8–13 Hz, beta: 13–25Hz,
gamma: 25–55Hz and the whole band: 0.5–55Hz) and their respective functional networks.
Our analysis demonstrated that: (1) the theoretical predictions made from computational
human brain models regarding the relationship between node degree and dPLI are supported
by patterns observed in empirical EEG networks recorded from waking and unconscious states
(in Fig 5A and 5B); (2) The functional brain network of the whole frequency band (0.5–55Hz)
is highly correlated with the node degree distribution found in the anatomical brain network
model. The majority of hub nodes were located in the posterior-parietal region in both the anatomical network and the functional EEG network. In the waking state, the high-degree nodes
were mainly distributed in the back part of the brain (upper row in Fig 5B), while in the unconscious state, this pattern was completely disrupted (upper row in Fig 5B); (3) The alpha band
(8–13HZ) EEG network that has been the focus of our computational simulations demonstrates a dominant front-to-back directionality in the brain during the conscious state (eyes
closed), with frontal dPLI > 0 and posterior dPLI < 0 (the 2nd row in Fig 5B) [51, 52], which
was neutralized in the unconscious state. This neutralized directionality in the EEG network
supports the results of our simulation in which we preferentially perturbed hub nodes (the 3rd
row in Fig 5A and 5B); (4) The correlation between node degree (of the whole band, 0.5–55Hz)
and directionality (of the alpha band, 8–13HZ) changes significantly across states. The strong
negative correlation observed during the conscious state (Spearman correlation coefficient of
-0.76 (p<0.01)) disappears during the unconscious state (Spearman correlation coefficient of
-0.04 (p<0.01)). These correlations are consistent with the theoretical predictions from the analytical solution and simulations. However, the correlation between node degree and amplitude
for the EEG network differs from the models (non-significant Spearman correlation coefficient
of 0.266 (p = 0.1) for the conscious state). The lack of significance is potentially due to a distortion of the scalp EEG recording as the signals pass through the skull, which may cause a deviation from the model prediction. MEG would be more appropriate to study the correlation of
amplitude and node degree in the whole brain network.

Discussion
In this study, we provide a general relationship for how network topology (node degree) determines the directionality (phase lead/lag relationship) and local dynamics (amplitude of oscillator) using the mean-field approximation. Simple oscillatory models (Kuramoto/Stuart-Landau
models) were used first to simulate the global network dynamics and to find the mathematical
relationship among node degree, local dynamics and directionality (defined by phase lead/lag).
We have shown that the directionality arises naturally from the topology of the underlying network. The hub nodes phase lag: they act as a sink that is driven by connected nodes. The nonhub peripheral nodes phase lead: they are sources and drive the connected nodes. This finding
may be counterintuitive, as network hubs could be regarded as “control centers” that serve as
the source of outflowing information. The present results suggest, by contrast, that hub nodes
with high degree may “attract” information from peripheral nodes. The consistently phase-
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Fig 5. Comparison between model network and EEG network. Results were compared from the Stuart-Landau model on the human anatomical brain
network of Gong et al. (A) and functional networks reconstructed from EEG (B). For each case, degree, average dPLI, and amplitude for each node is plotted
with standard error, before and after perturbing the anatomic network for (A), and in wake (eyes closed) and anesthetized states for (B). In the graphs of the
first row, the degree of nodes in red/blue circle is from PLI of the functional network constructed for each case. For the case of the model, (A), the degree of
anatomical network is also shown in gray triangle for comparison. The nodes are aligned in a way that they are grouped by regions and span from frontal lobe
to parietal lobe. For (A), nodes 1~22 are from frontal lobe, nodes 23~30 are from central regions (motor and somatosensory cortex), and nodes 31~40 are
from parietal lobe. For (B), nodes 1~18 are from frontal lobe, nodes 19~29 are from central regions, and nodes 31~39 are from parietal lobe. For the
simulation, time delay between each node was given proportional to the delay, with propagation speed of 6m/s. The coupling strength S was given as 1.5.
doi:10.1371/journal.pcbi.1004225.g005

lagging nature of the high-degree hub node may allow for the inputs of spatially and functionally distinct peripheral nodes to converge and be integrated, a critical feature for optimal network function. Network topology also predicts the local dynamics, defined here by the
amplitude of an oscillation in the case of the Stuart-Landau model; high degree hub nodes are
associated with oscillations of larger amplitude and low degree peripheral nodes are associated
with oscillations of smaller amplitude.
There have been several important studies exploring the effect of brain network topology on
the local and global dynamics of the brain. De Haan et al. simulated normal and diseased brain
activities based on a neural mass model of the anatomical network. They found that the hub regions are associated with the highest level of activity and that excessive neuronal activity at the
hub may lead to degeneration in Alzheimer’s disease [20]. Stam et al. simulated how network
structure affects the phase lead/lag relationship between brain regions in a realistic brain
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network model [19]. Nicosia et al. showed in a network model that if two nodes are symmetrically located within a given network topology, the dynamics of the nodes will be fully synchronized even at a significant distance [53]. Angelini et al. measured Granger causality for the
Kuramoto model on networks and demonstrated that inflow/outflow ratio changes depend on
the degree of each node [54]. However, despite these recent empirical and computational model
studies, there has been no general explanatory mechanism linking global topology, local node
dynamics and directionality between interacting nodes based on mathematical derivation.
The strength of our analysis lies in its simplicity and generality. The models we employed
are simple enough to analyze extensively yet succeed in capturing the essential features of dynamic behavior of the network related to the emergence of directionality. More complex models are difficult to analyze due to the abundance of equations and parameters, rendering
analytic solutions difficult except for very special cases. The models used in this study are rich
enough in their behavior yet simple enough to analyze and analytically calculate. Another advantage is the generality of the models: they are representative of many other oscillating systems so that the results from these models will be widely applicable. Furthermore, the
analytical results are independent of the type of network, as long as the network is inhomogeneous in terms of connections. Expressing the central relationship quantitatively, when coupling strength S between oscillators is sufficiently weak, any system of interacting oscillators
can be considered to interact only with its phases, and the Kuramoto model is the first-order
approximation for such phase-only interacting oscillators. When the coupling term is stronger
so that the amplitude equations must be considered, the Stuart-Landau model equation holds
its generality because it is the normal form of the Hopf bifurcation. The Hopf bifurcation is
one of the most frequently appearing mechanisms in models generating oscillatory behavior,
as in the case of the Wilson-Cowan model, the Fitzhugh-Nagumo model and the Morris-Lecar
model, among other numerous examples. One can gain general insights about the behavior of
more complex interacting oscillator models by analyzing such generalized models.
Assertions regarding the applicability of findings derived from these simple models are substantiated by a number of successful predictions. First, we simulated the oscillator models in a
human anatomical network and demonstrated that anterior-to-posterior directionality arises
due to a network structure in which posterior regions contain more hub nodes than anterior regions. This simulated result was confirmed with empirically-reconstructed human brain networks derived from high-density EEG recordings, demonstrating again that the anterior-toposterior directionality occurs because of the posterior-hub structure. When this hub structure
is perturbed, the directionality was eliminated in the model on the simulated neuroanatomical
network. When consciousness was lost after administration of the anesthetic sevoflurane in
human volunteers, anterior-to-posterior directionality was similarly eliminated with the disappearance of the posterior-hub structure. Application of this principle could have relevance to
clinical conditions in which hub structure may be damaged or dramatically reorganized. Altered
information flow has been reported in network-altering conditions such as Alzheimer’s disease,
schizophrenia, and epilepsy [5, 20, 55, 56]. Our findings not only explain why information flow
changes across different brain states, but also could ultimately contribute to treating such disorders by modulating the directionality of node interactions using brain stimulation techniques.
There are a number of limitations to this study. The first relates to the relationship of phase
lead/lag measures and information flow. Although it can be asserted that causal events lead
and resultant effects lag (simply by virtue of the temporal constraints on cause-effect relationships), the converse assertion that every lead/lag relationship reflects a causal influence does
not hold. In other words, an appropriate phase lead/lag relationship is a necessary but not sufficient condition for the kinds of interactions that are associated with information transfer. As
such, we have conducted parallel analyses with other measures (GC and STE) based on distinct
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theoretical frameworks (linear regression and information theory, respectively) (S1 Fig). These
metrics were found to parallel the measure of dPLI, thus supporting the general interpretation
that our studies of directionality may, indeed, provide a foundation for future studies related to
information transfer in the brain. The second limitation is that our analysis focused primarily
on the 10 Hz oscillation, but this reflects our choice to investigate brain networks. The analysis
can easily be applied to other frequency bandwidths, yielding similar results as long as the time
delay is sufficiently small compared to the time of one oscillation. Third, our results do not reflect short-term stationary brain network behavior such as metastability [57]. Furthermore, in
a long-term time scale, the brain network structure itself will change via mutual influences between network topology and local dynamics as the brain matures [58]. The time scale of our
study lies in between these two extreme limits, where the functional connectivity can reflect underlying structural connectivity yet the effect of local dynamics on the network structure can be
disregarded. Fourth, the Kuramoto and Stuart-Landau models are the normal forms of complex oscillator models. Thus, the results of the coupled oscillator networks—as well as the data
from our EEG experiments—describe large-scale temporal and spatial behavior, i.e., network
dynamics that are relatively long-term and macroscopic. As such, our simple models and the
analytical results may not explain fine-scale neuronal firing relationships and the short-term
dynamics of complex local connections such as the influence of a common source with different time delays. Further work is warranted to test whether the current findings apply to finerscale dynamics. Fifth, in the empirical data test, we analyzed a functional brain network reconstructed from scalp EEG, which reflects the anatomical brain network with less spatial fidelity
than the simulated network [13, 59]. Therefore, instead of examining the one-to-one correspondence between the functional networks of the empirical data and of the model, we investigated the correlation patterns among node degree, amplitude and dPLI in the EEG network
and the model network. Finally, we used a simple exponential function to achieve a preferential
disruption of hub structure in the simulation of anesthetic effects on the brain network. The
study of more realistic perturbation functions would be an interesting future investigation to
simulate diverse anesthetic effects in the brain.
In conclusion, the topological property of node degree determines local dynamics such as
the amplitude of an oscillation, as well as directionality between interacting nodes. This relationship, derived from simple oscillator models, was applied successfully to complex brain network models generated computationally or reconstructed empirically. The high-degree/highinflow relationship predicted the behavior of human brain networks across multiple states of
consciousness. These findings may provide clarity to future studies of information transfer as
the complexity of the human brain connectome becomes more fully elucidated. Furthermore,
the analytical mechanism provided and general relationships identified have the potential to
advance network science across numerous disciplines.

Materials and Methods
Stuart-Landau model
In order to study the general relationships among topology, node amplitude and directionality
between interacting nodes in a network, we used a simple oscillatory model, the Stuart-Landau
model. The Stuart-Landau model is defined as the following:
z_ j ðt Þ ¼

N
n
o
X
2
lj þ ioj  jzj ðt Þj zj ðt Þ þ S
Kjk zk ðt  tjk Þ; j ¼ 1; 2; . . . ; N:

ð3Þ

k ¼ 1

Here, zj(t) is the complex variable describing the state of jth oscillator. The eq (3) can be
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separated into two variables:
r_ j ðt Þ ¼

n

2

lj  jrj ðt Þj

o

rj ðt Þ þ S

N
X

 


Kjk rk cos yk t  tjk  yj ðt Þ ;

ð4Þ

k ¼ 1

y_ j ðt Þ ¼ oj þ S

N
X
k ¼ 1

Kjk

 


rk
sin yk t  tjk  yj ðt Þ ; j ¼ 1; 2; . . . ; N:
rj

ð5Þ

rj(t) is the amplitude of the signal the oscillator j produces at time t. λj(t) is a parameter governing the amplitude and we set all λj(t) for j = 1,2,. . .,N equal for our simulations so that the differences in the amplitude between oscillators can only come from the coupling term in each
equation. Also, we note that when all the amplitudes are set equal to each other and do not
change, the eqs (4) and (5) reduce to the phase-only equation, which is the Kuramoto model.
In this respect the Stuart-Landau model can be considered as the generalized model of the Kuramoto model, with the inclusion of the amplitude equation. Descriptions of the Kuramoto
model itself, the relationship between the Kuramoto model, the Stuart-Landau model and
more complex neural mass models, and the derivation from Wilson-Cowan model to StuartLandau/Kuramoto models are included in the S1 Text.
For the functional connection in the network, we use two types of phase coherence measures; (1) mean phase coherence (PC) and (2) phase lag index (PLI). PC is a measure of mean
phase synchronization, which can be directly calculated from the model oscillators’ phases. On
the contrary, PLI measures nonzero phase lead/lag relationships, which mitigates the effects of
choice of reference and of volume conduction in EEG analysis.

Mean phase coherence (PC)
The mean phase coherence between two oscillators j and k in a network is defined as:


T
1 X


iDyjk ðt Þ 
e
PCjk ¼ 
;
T t ¼ 1


ð6Þ

where Δθjk(t) is the phase difference. For complete phase synchronization, PCjk has 1, and 0 for
completely desynchronized case [42]. For each node j, we can calculate PCj as the averaged
value of PCjk for all other nodes k. Such averaged mean phase coherence for each hub/non-hub
node with respect to all other nodes in the coupled Stuart-Landau oscillator network is demonstrated in Fig 2A.

Phase lag index (PLI)
PLI was used to define the functional connectivity in the EEG network [50]. We use a Hilbert
transform to extract the instantaneous phase of the electroencephalogram from each channel
and calculate the phase difference Δθjk(t) between channels i and j, where Δθij(t) = θi(t)-θj(t),
t = 1,2,. . .n, n is the number of samples within one epoch. PLIij between two nodes i and j is
then calculated using eq (7):
 D

 E 


ð7Þ
PLIij ¼  sign Dyij ðtÞ
; 0  PLIij  1:
Here, the sign() function yields: 1 if Δθij(t)>0; 0 if Δθij(t) = 0; and -1 if Δθij(t)<0. The mean < >
is taken over all t = 1,2,. . .,n. If the instantaneous phase of one signal is consistently ahead of the
other signal, the phases are considered locked, and PLIij  1. However, if the signals randomly alternate between a phase lead and a phase lag relationship, there is no phase locking and PLIij  0.
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Directed phase lag index (dPLI)
To determine the phase-lead/phase-lag relationship between channels, we calculate dPLI between nodes i and j using eq (8) [19]:
D

E
ð8Þ
dPLIij ¼ sign Dyij ðtÞ ;  1  dPLIij  1:
Here, again the sign() function yields: 1 if Δθij(t)>0; 0 if Δθij(t) = 0; and -1 if Δθij(t)<0. The
mean < > is again taken over all t = 1,2,. . .,n. Therefore, if on average, node i leads node j, 0<
dPLIij 1; if node j leads node i, -1 dPLIij <0; and if there is no phase-lead/phase-lag relationship between nodes, dPLI = 0. In this study, dPLIi for a node i can be deﬁned as the average
of dPLIij for all other nodes j. For the purpose of brevity, each time we denote dPLI of a node i
in the Results section, we are referring to dPLIi for the node i.

Coupled Stuart-Landau/Kuramoto model parameters
All the parameters for the models are set accordingly to simulate alpha oscillations in the brain. For
both models, the natural frequencies of the oscillators in our simulation are given as a Gaussian distribution to simulate alpha with mean at 10 Hz and standard deviation 1, making ωj around 102π
rad/s. Time delay is (a) given an identical value between 2ms and 50 ms for all edges (for model
networks as well as Gong et al.’s and Hagmann et al.’s human brain networks), or (b) given proportional to the physical distances for each edges with propagation speed of between 5 to 10m/s (for
Gong et al.’s human brain network) [60, 61]. In the simulation, however, the difference in the propagation speed or time delay does not provide any qualitative differences in the results, as long as
the resulting time delay is less than the time of a quarter cycle for the natural frequency (in the simulation, the time for one cycle is 100 ms for the given frequency of 10 Hz, thus it is less than 25
ms). The coupling strength between the oscillators is increased from 0 to 50. For the Stuart-Landau
model, the amplitude parameter λj is given identically for all oscillators with a value of 2. For all
simulations, we also added a Gaussian white noise ξj(t) of vanishing mean and standard deviation
of 2 to each oscillator's equation to test the robustness of our results against random fluctuations.

Model time series for the measurement
With each model, we produce a times series of length 10,000 for each run of the simulation,
and then take the latter half of the time series for the measurement. The sampling rate of the
time series is 1,000Hz, making the length of the produced time series 10s containing approximately 100 cycles of oscillation. For a given parameter set, measurement is averaged over at
least 1,000 runs of the simulation. For the simulations on the random networks and the scalefree networks, a new network is generated for each run.

Perturbation of the network
To test the role of hub structure on the node amplitude and directionality between interacting
nodes, we perturbed the topology of human brain network by preferentially disrupting hub
structures. The perturbation factor 1/gγ is multiplied to the coupling strength S in eqs (4) and (5):
r_ j ðt Þ ¼

n

lj  jrj ðt Þj

2

o

rj ðt Þ þ

N

 

S X

y
K
r
cos
y
t

t
ð
t
Þ
;
jk
k
k
jk
j
gg k ¼ 1

N
 


S X
r
Kjk k sin yk t  tjk  yj ðt Þ ; j ¼ 1; 2; . . . ; N:
y_ j ðt Þ ¼ oj þ g
rj
g k ¼ 1
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Here g is the degree for each node and γ is the perturbation factor. By multiplying 1/gγ, the effective coupling strength S/gγ depends on the degree of each node. Thus, the higher the value γ is,
the stronger the perturbation of the hub. For γ = 1, the coupling term in each equation is normalized with respect to the degree of the node, thus the network topology become homogeneous.
Consequently, it does not provide any asymmetric dynamics between the hub and peripheral
nodes. If γ >1, the original hub nodes are excessively perturbed such that the original hub-periphery relations are reversed.

Random and scale-free networks
Oscillator models were run over both random and scale-free networks with size 78, 100, and
1000, respectively. We used the Gilbert algorithm for producing a random network with the
parameter of G(N, (1+)log(N)/N), where N is the number of nodes, and  is an arbitrary small
number, such that the resulting network is connected. We use Catanzaro et al.’s algorithm to
make a randomly connected network with scale-free node degree distribution given a priori
[62]. The slope of the degree distribution was set to -2.2. The size of the network does not result
in qualitative differences.

Anatomical brain networks
The human brain network was constructed from diffusion tensor imaging (DTI) of 80 young
adults [47]. The network is consisted of 78 parcels of the cerebral cortex. Another human brain
network by Hagmann et al. [46], which is based on 66 parcels of the cerebral cortex, was used
for the simulation, with qualitatively similar results.

Human EEG recording during brain network modulation by general
anesthesia
Ethics statement. The Human EEG recording was conducted at the University of Michigan
Medical School and was approved by the Institutional Board Review (HUM00061087); written
consent was obtained from all participants after a careful discussion of risks and benefits.
After IRB approval and written informed consent, EEG data were recorded from seven
healthy volunteers (4 males, 20–23 years of age) in a conscious state with their eyes closed or a
state of sevoflurane-induced unconsciousness. Sevoflurane concentration was titrated upwards
in a stepwise fashion until consciousness was lost, as evidenced by cessation of following a verbal command. EEG was acquired using a 64-channel sensor net from Electrical Geodesics Inc
with a sampling frequency of 500 Hz. All channels were referenced to the vertex with electrical
impedance reduced to below 50 KΩ prior to data collection. After the data were collected, EEG
signals were highpass filtered at 0.1 Hz, and re-referenced to an average reference. Subsequently, signals were visually inspected to reject epochs containing non-physiological artifacts. These
data were gathered for a prior study and were re-analyzed here with different techniques and
different hypotheses [63].

Human EEG network analysis
The node degree, amplitude and dPLI for each node were calculated in EEG networks constructed from a 64-channel EEG dataset. First, each 5 min epoch of EEG data for both states
(waking and anesthetic-induced unconsciousness) was segmented into 10 sec epochs for
pseudo-stationary state. The node degree, amplitude and dPLI for individual are the averages
over all the segmented data. For each segmented dataset, the band pass filter was applied for
the six frequency bands. Band-pass filtering with the fifth-order Butterworth filter was
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applied to EEG forward and backward, correcting the potential phase shifting after band-pass
filtering (“butterworth.m”, and “filtfilt.m” in Matlab; MathWorks, Natick, MA). For each frequency band, the PLI was calculated for all pairs of EEG channels and the adjacency matrix
was constructed with the top 30% of PLI connections through searching for the best-fit to the
simulation and robust threshold. Node degree for each channel was computed from the binary network, which counts the number of links connected to a node. The amplitude was calculated from mean power spectrum density. For power spectrum density, a Hamming window
and a modified periodogram were used for each 10 sec EEG segment (in “pwelch.m”, in
Matlab). dPLI for a channel was computed with averaged dPLI between the given channel
and the other all EEG channels. Consequently, for a 5 min long EEG epoch, we can have the
node degrees, amplitudes, and dPLIs for all 64 EEG channels. The spearman correlation coefficient was used for evaluating the correlations among node degree, amplitude and dPLI of
the 64 channels (“corr.m” in Matlab).

Synopsis of analytical derivation
The results from S1 Text can be summarized as follows: for Kuramoto oscillators and StuartLandau oscillators with inhomogeneous coupling strength between them, the oscillators with
larger average coupling strength phase lag behind those with smaller average coupling
strength, given the same natural frequencies, small enough constant time delays and sufficiently strong coupling strengths between them. For Stuart-Landau oscillators, we also show
that the oscillators with larger average coupling strength have larger amplitude oscillations.
We utilized Ko et al.’s mean-field technique to derive these results, and applied them to inhomogeneous degree networks as an approximation: the inhomogeneous coupling strength of
each oscillator was interpreted as the inhomogeneous degree of each oscillator [43]. For simulations, we expanded our conditions further: we used a Gaussian distribution for natural frequencies of the oscillators and distance-varying time delays between the oscillators for
Gong’s anatomical network. We also added a Gaussian-noise to each oscillator’s equation to
test the robustness. The simulation results confirmed that the central relationship of degree,
node dynamics and directionality (i.e., higher degree nodes have larger amplitudes and phase
lag behind lower degree nodes) still holds firmly.

Supporting Information
S1 Text. Detailed derivations of the analytical results for “General Relationship of Global
Topology, Local Dynamics, and Directionality in Large-Scale Brain Networks.”
(PDF)
S1 Fig. Comparison of three measures of directed connectivity using the Stuart-Landau
model. The Stuart-Landau model was implemented on Gong et al.'s human brain network,
and the causal relationship between network nodes was measured using (A) directed phase lag
index (dPLI), (B) Granger causality (GC), (C) symbolic transfer entropy (STE). For each measure, the mean values for each node with respect to all other nodes are shown. The nodes of the
network are indexed in decreasing order of the variable of interest, which is represented in
color (blue representing lower values and red representing higher values) as their coupling
strength changes from 0 to 5. dPLI measures phase-lead/lag relationship, GC is a surrogate
measure for causality between given nodes, and STE is a surrogate for information transfer between two nodes. All three measures yield the same pattern: the higher degree nodes have
more "information" transferred to them, and vice-versa. The simulation results suggest that the
phase-lead/lag relation, causality, and information flow transfer are possibly all correlated with
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each other. For Gong et al.'s network, the delay time between two nodes were given proportional to distances between them with propagation speed of 6 m/s. All measures were performed 10
times and averaged. For GC, the model order for each measurement was chosen as 12. For
STE, the embedding dimension was set to 3, and prediction time for each measurement was
chosen to yield the maximal possible value of STE.
(EPS)
S2 Fig. Distinct local dynamics of hub and peripheral nodes for different networks. A coupled Stuart-Landau model oscillator was simulated on (A) a scale-free network, (B) a random
network (C) a hierarchical modular network of Sales-Pardo et al., (D) a human brain network
of Gong et al., and (E) a human brain network of Hagmann et al. Each plot shows distinct local
dynamics for hub nodes (darker green diamond: defined as nodes with degree above the group
standard deviation), and peripheral nodes (lighter green square: defined as nodes with degree 1
for scale-free network, and as nodes with degree below the group standard deviation for other
networks) as coupling strength S is varied. Mean phase coherence (PC), amplitude, and averaged directed phase lag index (dPLI) for the two groups of nodes are presented for each network. For Gong et al.'s network, delay time between two nodes was given proportional to
distances between them with propagation speed of 6 m/s. For random, scale-free, hierarchical
modular and Hagmann et al.'s network the delay was assigned a value of 10ms. All simulations
were performed 1000 times and averaged, and new random, scale-free, and hierarchical modular network were generated with each simulation performed.
(EPS)
S3 Fig. Kuramoto model on networks of varying topologies. The Kuramoto model is applied
on the (A) random network, (B) scale-free network, (C) brain network of Gong et al., and (D)
brain network of Hagmann et al., each with 78 nodes. For each network, the degree distribution
and the mean directed phase lag index (dPLI) for each node averaged with respect to all other
nodes are presented. Nodes are indexed in decreasing order of their degree; the degree distribution graph is red if the node degree is less than the average degree of the network, green if it is
more than the average, and blue if it is higher than one standard deviation from the average.
Mean dPLI values of each node are shown in color (blue/red representing lower/higher dPLI
value) as their coupling strength changes from 0 to 5. A clear pattern is found in all networks,
namely, the higher degree nodes have lower dPLI values and vice-versa. For Gong et al.'s network, delay time between two nodes was given proportional to distances between them with
propagation speed of 6 m/s. For random, scale-free, and Hagmann et al.'s network the delay
was assigned a value of 10ms. All simulations were performed 1000 times and averaged, and
new random and scale-free network were generated with each simulation performed.
(EPS)
S4 Fig. Stuart-Landau model on networks of varying topologies. The Stuart-Landau model
was applied to a (A) random network, (B) scale-free network, (C) brain network of Gong et al.,
each with 78 nodes, and (D) brain network of Hagmann et al. with 66 nodes. The amplitudes
and the mean directed phase lag index (dPLI) values for each node with respect to all other
nodes are presented. Nodes of each network are indexed in decreasing order of their degree.
Amplitudes and mean dPLI values of each node are shown in color (blue/red representing
lower/higher amplitude and dPLI value) as their coupling strength changes from 0 to 5. A clear
pattern is found in all networks, namely, the higher degree nodes have higher amplitudes and
lower dPLI values (and vice-versa). For Gong et al.’s network, delay time between two nodes
was given proportional to distances between them with propagation speed of 6 m/s. For random, scale-free, and Hagmann et al.’s network, the delay was assigned a value of 10ms. All
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simulations were performed 1000 times and averaged, and a new random and scale-free network was generated with each simulation performed.
(EPS)

Acknowledgments
We thank T.-W. Ko for valuable comments and discussions on the analytical derivations, H.
Lee for help and discussions regarding algorithms, and G. Gong for providing the human anatomical network data.

Author Contributions
Conceived and designed the experiments: JYM UL GAM. Performed the experiments: SBM
GAM. Analyzed the data: JYM UL. Wrote the paper: JYM UL GAM SBM.

References
1.

Friston KJ. Modalities, modes and models in functional neuroimaging. Science. 2009; 326:399–403.
doi: 10.1126/science.1174521 PMID: 19833961

2.

Sporns O. The human connectome: origins and challenges. NeuroImage. 2013; 80: 53–61. doi: 10.
1016/j.neuroimage.2013.03.023 PMID: 23528922

3.

Stam CJ, Reijneveld JC. Graph theoretical analysis of complex networks in the brain. Nonlinear Biomed
Phys. 2007; 1: 3. PMID: 17908336

4.

Bullmore E, Sporns O. Complex brain networks: graph theoretical analysis of structural and functional
systems. Nat Rev Neurosci. 2009; 10: 186–198. doi: 10.1038/nrn2575 PMID: 19190637

5.

Bullmore E, Sporns O. The economy of brain network organization. Nat Rev Neurosci. 2012; 13: 336–
349. doi: 10.1038/nrn3214 PMID: 22498897

6.

Rabinovich MI, Varona P, Selverston AI, Abarbanel HDI. Dynamical principles in neuroscience. Rev
Mod Phys. 2006; 78: 1213.

7.

Rabinovich MI, Afraimovich VS, Bick C, Varona P. Information flow dynamics in the brain. Phys Life
Rev. 2012; 9: 51–73. doi: 10.1016/j.plrev.2011.11.002 PMID: 22119154

8.

Lv P, Guo L, Hu X, Jin C, Han J, Li L, et al. Modeling dynamic functional information flows on largescale brain networks. Med Image Comput Comput Assist Intery. 2013; 16: 698–705. PMID: 24579202

9.

Akam T, Kullmann DM. Oscillatory multiplexing of population codes for selective communication in the
mammalian brain. Nat Rev Neurosci. 2014; 15: 111–122. doi: 10.1038/nrn3668 PMID: 24434912

10.

Alstott J, Breakspear M, Hagmann P, Cammoun L, Sporns O. Modeling the impact of lesions in the
human brain. PLoS Comp Biol. 2009; 5: e1000408. doi: 10.1371/journal.pcbi.1000408 PMID:
19521503

11.

Rubinov M, Sporns O, van Leeuwen C, Breakspear M. Symbiotic relationship between brain structure
and dynamics. BMC Neurosci. 2009; 10: 55. doi: 10.1186/1471-2202-10-55 PMID: 19486538

12.

Honey CJ, Sporns O. Dynamic consequences of lesions in cortical networks. Hum Brain Mapp. 2008;
29: 802–809. doi: 10.1002/hbm.20579 PMID: 18438885

13.

Honey CJ, Kötter R, Breakspear M, Sporns O. Network structure of cerebral cortex shapes functional
connectivity on multiple time scales. Proc Natl Acad Sci USA. 2007; 104: 10240–10245. PMID:
17548818

14.

Gilbert CD, Sigman M. Brain states: top-down influences in sensory processing. Neuron. 2007; 54:
677–696. PMID: 17553419

15.

Roland PE, Hilgetag CC, Deco G. Cortico-cortical communication dynamics. Front Syst Neurosci.
2014; 8: 19. doi: 10.3389/fnsys.2014.00019 PMID: 24847217

16.

Mišić B, Vakorin VA, Paus T, Mcintosh AR. Functional embedding predicts the variability of neural activity. Front Syst Neurosci. 2011; 5: 90. doi: 10.3389/fnsys.2011.00090 PMID: 22164135

17.

Vakorin VA, Mišić B, Krakovska O, McIntosh AR. Empirical and theoretical aspects of generation and
transfer of information in a neuromagnetic source network. Front Syst Neurosci. 2011; 5: 96. doi: 10.
3389/fnsys.2011.00096 PMID: 22131968

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004225 April 14, 2015

19 / 21

Global Topology, Local Dynamics, and Directionality in a Network

18.

Tewarie P, Hillebrand A, van Dellen E, Schoonheim MM, Barkhof F, Polman CH, et al. Structural degree predicts functional network connectivity: a multimodal resting-state fMRI and MEG study. NeuroImage. 2014; 97: 296–307. doi: 10.1016/j.neuroimage.2014.04.038 PMID: 24769185

19.

Stam CJ, van Straaten EC. Go with the flow: use of a directed phase lag index (dPLI) to characterize
patterns of phase relations in a large-scale model of brain dynamics. NeuroImage. 2012; 62: 1415–
1428. doi: 10.1016/j.neuroimage.2012.05.050 PMID: 22634858

20.

de Haan W, Mott K, van Straaten EC, Scheltens P, Stam CJ. Activity dependent degeneration explains
hub vulnerability in Alzheimer’s disease. PLOS Comp Biol. 2012; 8: e1002582. doi: 10.1371/journal.
pcbi.1002582 PMID: 22915996

21.

Marinazzo D, Wu G, Pellicoro M, Angelini L, Stramaglia S. Information flow in networks and the law of
diminishing marginal returns: evidence from modeling and human electroencephalographic recordings.
PloS One. 2012; 7: e45026. doi: 10.1371/journal.pone.0045026 PMID: 23028745

22.

Hassard BD, Kazarinoff ND, Wan YH. Theory and Applications of Hopf Bifurcation. 1st ed. New York:
Cambridge University Press; 1981.

23.

Guckenheimer J, Holmes P. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields. 1st ed. New York: Springer-Verlag; 1983.

24.

Strogatz SH. Nonlinear Dynamics and Chaos. 1st ed. Cambridge (MA): Westview Press; 1994.

25.

Hoppensteadt FC, Izhikevich EM. Weakly Connected Neural Networks. 1st ed. New York: SpringerVerlag; 1997.

26.

Rinzel J, Ermentrout GB. Methods in Neuronal Modeling: From Synapses to Networks. 2nd ed. Koch
C, Segev I, editors. Cambridge (MA): MIT Press; 1998

27.

Sherman A, Rinzel J. Rhythmogenic effects of weak electrotonic coupling in neuronal models. Proc
Natl Acad Sci USA. 1992; 89: 2471–2474. PMID: 1549611

28.

Petrov V, Gaspar V, Masere J, Showalter K. Controlling chaos in the Belousov—Zhabotinsky reaction.
Nature. 1993; 361: 240–243.

29.

Hansel D, Mato G, Meunier C. Phase dynamics for weakly coupled Hodgkin-Huxley neurons. Europhys
Lett. 1993; 23: 367–372.

30.

Wilhelm T, Heinrich R. Smallest chemical reaction system with Hopf bifurcation. J Math Chem. 1995;
17: 1–14.

31.

Fussmann GF, Ellner SP, Shertzer KW, Hairston GN Jr.. Crossing the Hopf bifurcation in a live predator–prey system. Science. 2000; 290: 1358–1360. PMID: 11082063

32.

Kirk PDW, Toni T, Stumpf MPH. Parameter inference for biochemical systems that undergo a Hopf bifurcation. Biophys J. 2008; 95: 540–549. doi: 10.1529/biophysj.107.126086 PMID: 18456830

33.

Izhikevich EM. Dynamical Systems in Neuroscience: the Geometry of Excitability and Bursting. 1st ed.
Cambridge (MA): MIT Press; 2007.

34.

Wilson HR, Cowan JD. Excitatory and inhibitory interactions in localized populations of model neurons.
Biophys J. 1972; 12: 1–24. PMID: 4332108

35.

Steyn-Ross DA, Steyn-Ross M, Freeman W, editors. Modeling Phase Transitions in the Brain. 1st ed.
New York: Springer; 2010.

36.

Daffertshofer A, van Wijk CM. On the influence of amplitude on the connectivity between phases. Front
Neuroinform. 2011; 5: 6. doi: 10.3389/fninf.2011.00006 PMID: 21811452

37.

Albert R, Barabási A-L. Statistical mechanics of complex networks. Rev Mod Phys. 2002; 74: 47–97.

38.

Newman MEJ. The structure and function of complex networks. SIAM Rev. 2003; 45: 167–256.

39.

Granger CWJ. Investigating causal relations by econometric models and cross-spectral methods.
Econometrica. 1969; 37: 424–438.

40.

Seth AK. A MATLAB toolbox for Granger causal connectivity analysis. Journal of Neuroscience Methods. 2010; 186: 262–273. doi: 10.1016/j.jneumeth.2009.11.020 PMID: 19961876

41.

Staniek M, Lehnertz K. Symbolic Transfer Entropy. Phys Rev Lett. 2008; 100: 158101. PMID:
18518155

42.

Mormanna F, Lehnertz K, David P, Elger CE. Mean phase coherence as a measure for phase synchronization and its application to the EEG of epilepsy patients. Physica D: Nonlin Phenom. 2000; 144:
358–369.

43.

Ko T-W, Ermentrout GB. Partially locked states in coupled oscillators due to inhomogeneous coupling.
Phys Rev E. 2008; 78: 016203. PMID: 18764031

44.

Acebron J, Bonilla L, Pérez Vincente C, Ritort F, Spegler R. The Kurammoto model: a simple paradigm
for synchronization phenomena. Rev Mod Phys. 2005; 77: 137–185.

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004225 April 14, 2015

20 / 21

Global Topology, Local Dynamics, and Directionality in a Network

45.

Breakspear M, Heitmann S, Daffertshofer A. Generative models of cortical oscillations: neurobiological
implications of the Kuramoto model. Front Hum Neurosci. 2010; 4: 190. doi: 10.3389/fnhum.2010.
00190 PMID: 21151358

46.

Hagmann P, Cammoun L, Gigandet X, Meuli R, Honey CJ, Wedeen VJ, et al. Mapping the structural
core of human cerebral cortex. PLoS Biol. 2008; 6: e159. doi: 10.1371/journal.pbio.0060159 PMID:
18597554

47.

Gong G, He Y, Concha L, Lebel C, Gross DW, Evans AC, et al. Mapping anatomical connectivity patterns of human cerebral cortex using in vivo diffusion tensor imaging tractography. Cereb Cortex. 2009;
19: 524–536. doi: 10.1093/cercor/bhn102 PMID: 18567609

48.

van den Heuvel MP, Sporns O. Rich-club organization of the human connectome. J Neurosci. 2011;
31: 15775–15786. doi: 10.1523/JNEUROSCI.3539-11.2011 PMID: 22049421

49.

Lee H, Mashour GA, Noh G-J, Kim S, Lee U. Reconfiguration of Network Hub Structure after Propofolinduced Unconsciousness. Anesthesiology. 2013; 119: 1347–1359. doi: 10.1097/ALN.
0b013e3182a8ec8c PMID: 24013572

50.

Stam CJ, Nolte G, Daffertshofer A. Phase lag index: assessment of functional connectivity from multichannel EEG and MEG with diminished bias from common sources. Hum Brain Mapp. 2007; 28: 1178–
1193. PMID: 17266107

51.

Lee U, Kim S, Noh G-J, Choi B-M, Hwang E, Mashour GA. The directionality and functional organization of frontoparietal connectivity during consciousness and anesthesia in humans. Consciousn Cogn.
2009; 18: 1069–1078. doi: 10.1016/j.concog.2009.04.004 PMID: 19443244

52.

Lee U, Ku S, Noh G-J, Baek S, Choi B-M, Mashour GA. Disruption of frontal–parietal communication by
ketamine, propofol, and sevoflurane. Anesthesiology. 2013; 118: 1264–1275. doi: 10.1097/ALN.
0b013e31829103f5 PMID: 23695090

53.

Nicosia V, Valencia M, Chavez M, Díaz-Guilera A, Latora V. Remote synchronization reveals network
symmetries and functional modules. Phys Rev Lett. 2013; 110: 174102. PMID: 23679731

54.

Angelini L, Pellicoro M, Stramaglia S. Granger causality for circular variables. Phys Lett A. 2009; 373:
2467–2470.

55.

Alexander-Bloch AF, Vértes PE, Stidd R, Lalonde F, Classen L, Rapoport J, et al. The anatomical distance of functional connections predicts brain network topology in health and schizophrenia. Cereb
Cortex. 2013; 23: 127–138. doi: 10.1093/cercor/bhr388 PMID: 22275481

56.

Kramer MA, Cash SS. Epilepsy as a disorder of cortical network organization. Neuroscientist. 2012; 18:
360–372. doi: 10.1177/1073858411422754 PMID: 22235060

57.

Werner AG, Jirsa VK. Metastability, criticality and phase transitions in brain and its models. Biosystems.
2007; 90: 496–508. PMID: 17316974

58.

Perin R, Berger TK, Markman HA. Synaptic organizing principle for cortical neuronal groups. Proc Natl
Acad Sci USA. 2011; 180: 5419–5424.

59.

Hlinka J, Coombes S. Using computational models to relate structural and functional brain connectivity.
Eur J Neurosci. 2011; 36: 2137–45.

60.

Caminiti R, Ghaziri H, Galuske R, Hof PR, Innocenti GM. Evolution amplified processing with temporally dispersed slow neuronal connectivity in primates. Proc Natl Acad Sci USA. 2009; 106: 19551–19556.
doi: 10.1073/pnas.0907655106 PMID: 19875694

61.

Caminiti R, Carducci F, Piervincenzi C, Battaglia-Mayer A, Confalone G, Visco-Comandini F, et al. Diameter, length, speed, and conduction delay of callosal axons in macaque monkeys and humans: comparing data from histology and magnetic resonance imaging diffusion tractography. J Neurosci. 2013;
33: 14501–14511. doi: 10.1523/JNEUROSCI.0761-13.2013 PMID: 24005301

62.

Catanzaro M, Boguñá M, Pastor-Satorras R. Generation of uncorrelated random scale-free networks.
Phys Rev E. 2005; 71: 027103. PMID: 15783457

63.

Blain-Moraes S, Tarnal V, Vanini G, Alexander A, Rosen D, Shortal B, et al. Neurophysiological correlates of sevoflurane-induced unconsciousness. Anesthesiology. 2015; 122: 307–16. doi: 10.1097/ALN.
0000000000000482 PMID: 25296108

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004225 April 14, 2015

21 / 21

B

dPLI

C

GC

0.5

40

0

60

−0.5

0

5

Coupling strength

10

−1

Node

Node

20

STE
1

0.5

1
20

0

40
60
0

5

Coupling strength

10

−0.5

Node

A

20

0.5

40

0

60

−0.5

0

20

40

Coupling strength

−1

0.8
0.6
0.4
0.2
0
0

1

2

3

4

0.8
0.6
0.4
0.2
0
0

5

3

4

0.6
0.4
0.2
0
0

5

1

1

2

3

4

0.8
0.6
0.4
0.2
0
0

5

Coupling strength

1

2

3

4

0.8
0.6
0.4
0.2
0
0

5

Coupling strength

20

15

15

15

15

15

5
0
0

1

2

3

4

10
5
0
0

5

1

2

3

4

10
5
0
0

5

Coupling strength

Coupling strength

1

2

3

4

10
5
0
0

5

Amplitude

20

Amplitude

20

Amplitude

20

10

Coupling strength

1

2

3

4

0
0

5

Coupling strength

0.4

0.4

0.4

0.2

0.2

0.2

0.2

0.2

dPLI

0.4

dPLI

0.4

dPLI

0.6

dPLI

0.6

0

−0.2

−0.2

−0.2

−0.2

−0.4

−0.4

−0.4

−0.4

−0.4

1

2

3

4

Coupling strength

5

0

1

2

3

4

Coupling strength

5

0

1

2

3

4

Coupling strength

5

0

1

2

3

4

Coupling strength

5

1

2

3

4

5

0

−0.2

0

4

Coupling strength

0.6

0

3

5

0.6

0

2

10

0.6

0

1

Coupling strength

20

Amplitude

Amplitude

2

Hagmann network

E

1

0.8

Coupling strength

Coupling strength

dPLI

1

Gong network

D

1

Phase coherence

1

Phase coherence

Phase coherence

1

Hierarchical network

C

Phase coherence

Random network

B

Phase coherence

Scale-Free network

A

5

0

1

2

3

4

Coupling strength

5

A

B

Random network
Degree distribution

Degree distribution

dPLI
0.2
0

40

−0.1

60
4

6

8

0

Degree distribution

−0.1
−0.2
10

20

30

0

2

4

Coupling strength

Degree

D

Hagmann network
Degree distribution

dPLI

dPLI
0.5

0.5

20

Node

0

0

4

Gong network

0

40
60
0

0.1

40

Coupling strength

Degree

C

2

0.2

60

−0.2
2

dPLI

20

Node

0.1

−0.5
10

Degree

20

0

2

4

Coupling strength

Node

Node

20

0

Scale-free network

20

0

40
60
0

−0.5
5

10

Degree

15

0

2

4

Coupling strength

a

b

Random network
Amplitude

Scale-free network
Amplitude

dPLI
12

40

0

6

60

4
2

4

0

4

0

0

2

4

0.5
0
−0.5
0

2

0

5

−0.5

4

0

4

Coupling Strength

2

4

Coupling strength

Amplitude

5

Coupling strength

10

Hagmann network

dPLI

10

60

2

d

15

40

0.5

Coupling strength

Gong network

20

40

Coupling strength

Amplitude

Node

2

15
20

60

−0.5

Coupling strength

c

Node

8

Node

Node

20

0

0.5

10

dPLI

dPLI
15

0.5

10

0

5

−0.5

20
40
60
0

2

4

Coupling strength

0

2

4

Coupling strength

General Relationship of Global Topology,
Local Dynamics, and Directionality in
Large-Scale Brain Networks
Supporting Text

Contents
1

Relationship between complex models and Stuart-Landau/Kuramoto
model

2

2

Directed phase lag index of Kuramoto model on complex networks
7
Kuramoto model on complex networks . . . . . . . . . . . . . . . . . .
8
Directed phase lag index of the Kuramoto model on complex networks . 13

3

Directed phase lag index of Stuart-Landau model on complex networks
15
Stuart-Landau model on complex networks . . . . . . . . . . . . . . . 15
Directed phase lag index of Stuart-Landau model on complex networks 25

4

Comparison between different measures for the Stuart-Landau model 27

1

Here we report the main results and details of the mathematical analysis summarized in the main manuscript.
In section 1, we outline the relationship between more complex models and
the simpler Stuart-Landau and Kuramoto models, demonstrating that the simple
models used in the main manuscript are general lowest-order approximations of
the more detailed neural mass models. In support of this, we show results of the
derivation from the popular and complex Wilson-Cowan model as an example.
In section 2, we describe the behavior of the Kuramoto model on complex networks. We also derive results of the directed phase lag index (dPLI) for the model
on the networks. In section 3, we describe the Stuart-Landau model on complex
networks, and derive the dPLI results for the model on the networks. In section 4,
we also show with the simulation that the result from the dPLI and other measures
such as Granger causality (GC) and symbolic transfer entropy (STE) qualitatively
matches each other, suggesting that our results are independent from the choice of
measures.
The mathematical analysis shown here provides a basis for the thesis of the
main manuscript: nodes with higher degrees are information sinks and lag in
phase, whereas nodes with lower degrees are information sources and lead in
phase.

1

Relationship between complex models and StuartLandau/Kuramoto model

In this section we describe the relationship between more complex neural mass
model, and the simpler Stuart-Landau and Kuramoto model. We also summarize
the derivation from the popular and more detailed Wilson-Cowan model as an example.
Our investigation focuses on networks of coupled oscillators:
ẋj = fj (xj ) + ϵj gj (x1 , ..., xN , ϵ, t),

j = 1, 2, ..., N,

(S1)

where N is the number of oscillators, xj ∈ Rn is the state of the j th oscillator,
therefore making x = (x1 , x2 , ..., xN ) the vector describing the state of all oscillators of the network. fj describes the intrinsic dynamics of the xj , and gj describes
the interaction of xj with other oscillators. ϵj is the coupling strength for xj .

2

If the following condition is satisfied between two oscillators xj and xk they
are called frequency locked,
nωj = mωk ,

(S2)

where n and m are relatively prime nonnegative integers (they do not have a common divisor other than 1), and ω is the frequency of each oscillator. If n : m is 1
: 1, then the oscillators are called entrained.
Suppose the oscillators are frequency locked. If they further satisfy the following condition,
|nθj − mθk | = constant,

(S3)

where θ is the phase of each oscillator, they are called phase locked. Note that frequency locking does not always imply phase locking; frequency locking without
phase locking is called phase trapping.
If oscillators are both entrained and phase locked, they are then called synchronous. The quantity θjk = θj − θk is defined as phase difference, and when the
phase difference between oscillators is zero, they are said to be synchronized inphase. If not only their phases but also their amplitudes are also synchronized, they
are completely synchronized (Amplitude synchronization means that their amplitudes are the same after transient period). When the phase difference is π they are
called synchronized anti-phase, and if other than 0 or π, they are called synchronized out-of-phase [1, 2, 3].
If an entire network of oscillators satisfies such conditions, then the network
can be said to be frequency locked, entrained, phase locked, synchronized, completely synchronized, etc.
Depending on its function fj , each oscillator in eq. (S1) can undergo various
bifurcations as the parameters in their function change. One commonly observed
bifurcation is termed the Hopf bifurcation. Near the Hopf bifurcation point, function fj of each oscillator can be approximated well as the following pair of equations [4, 5]:
ẋj = λj xj − ω − jyj ∓ (σj xj − γj yj )(x2j + yj2 ),
ẏj = λj yj + ωj xj ∓ (σj yj + γj xj )(x2j + yj2 ),
or, in complex coordinates, taking z = reiθ = x + iy,
3

(S4)

żj = {λj + iωj ∓ (σj + iγj )|zj |2 }z.

(S5)

In polar coordinates, it can be written as,
ṙj = {λj ∓ σj |zj |2 }rj ,

(S6)

θ̇j = ωj ∓ γj |zj |2 .

Here, λ, ω, σ, and γ are nonnegative coefficients. These equations are the normal
form for the Hopf bifurcation and are called Stuart-Landau equation. ∓ determines whether the bifurcation be supercritical or subcritical: − for superciritical
Hopf bifurcation, and + for subcritical. Dynamics of the equations for γ = 0 and
γ ̸= 0 are topologically equivalent, so the value of γ is often irrelevant.
With coupling terms, we rewrite the above equations as:

ẋj = λj xj − ωj yj ∓ (σj xj −

γj yj )(x2j

+

yj2 )

+

N
∑

Kjk xk ,

k=1

ẏj = λj yj + ωj xj ∓ (σj yj + γj xj )(x2j + yj2 ) +

N
∑

(S7)
Kjk yk ,

k=1

in complex coordinates,
żj = {λj + iωj ∓ (σj + iγj )|zj |2 }z +

N
∑

Kjk zk ,

(S8)

k=1

in polar coordinates,

ṙj = {λj ∓ σj |zj | }rj +
2

N
∑

Kij rk cos(θk − θj ),

k=1
N
∑

(S9)

rj
θ̇j = ωj ∓ γj |zj |2 +
Kij sin(θk − θj ),
rk
k=1
describing the state of node j. Here, Kjk is the coupling strength from k to j. We
refer to this system of equations as the Stuart-Landau model. More details on the
Hopf bifurcation and the Stuart-Landau model will be discussed in section 3.
4

Reduction of eq. (S1) to simpler equations can be made even further. If ϵj ≪ 1,
fj in eq. (S1) can be reduced to a phase equation describing the state of node j only
by its phase [1]:
θ̇j = ωj .

(S10)

With the coupling term, we have the following equation:
θ̇j = ωj +

N
∑

Kij sin(θk − θj ).

(S11)

k=1

This is the generalization of the well-known Kuramoto model [6, 7]. Although
this equation is a generalization and not exactly the same as the original form of
the Kuramoto model (in which Kij is equal for all is and js), for brevity, we refer
to this equation as Kuramoto model hereafter. Notice that this equation can be
derived simply from the phase equation of the Stuart-Landau model, eq. (S9), by
setting all the amplitudes of the oscillators to be equal and static.
It is known that the long-term behavior of any coupled oscillatory systems, not
only the systems with the Hopf bifurcation, can be approximated by coupled phase
oscillators of the form,
θ̇j = ωj +

N
∑

Kjk H(θk − θj ),

(S12)

k=1

as long as the coupling is not too strong and the subsystems are nearly identical [1, 6, 7, 12]. We arrive at the Kuramoto model, eq. (S11), by setting H(θk −
θj ) = sin(θk − θj ). The Kuramoto model is the first-order approximation to the
general form of coupled phase oscillators eq. (S12). In this sense, the Kuramoto
model is the canonical model of coupled oscillators.
The Wilson-Cowan model is one of the most popular neural mass models
with two equations describing the state of excitatory and inhibitory cell populations [8, 9]. We state the results of the derivation of the Stuart-Landau model and
Kuramoto model from the Wilson-Cowan model as an example of the described
approximation scheme. The results adopted here come from references [10, 11]
and [12].
We define the Wilson-Cowan model as a network of oscillators with dynamics
at node j described as:

5

Ėj = −Ej + S[aE (cEE Ej − cIE Ij − ρE + Pj + η

N
∑

Ajk Ek )],

k=1

(S13)

I˙j = −Ij + S[aI (cEI Ej − cII Ij − ρI + Qj )],
here, aE , ai , cEE , cEI , cIE , cII , ρE , ρI , Pj , and Qj are the positive coefficients, η
is the coupling strength, and Ajk is the coupling strength between j and k. S is a
sigmoid function, usually given as S[x] = (1 − e−x )−1 . Here, the interaction term
is only added to the equation describing the excitatory population, Ej , because
non-local neural mass connections are usually made by the excitatory cells.
If the parameters are given suitably eq. (S13) will yield a stable limit cycle,
i.e., a stable oscillatory trajectory. The strategy is to expand the sigmoid function S of eq. (S13) in this oscillatory regime, removing the higher-order terms.
Then, the resulting approximated equations will be averaged over one cycle. This
is made possible by the assumption that the amplitude and the phase of the oscillators will change slowly compared to the oscillators' frequency. For the averaging, time-dependent amplitude and phase are fixed, and the system is integrated
over one period. Subsequently, amplitude and phase are again considered to be
time-dependent: this procedure is called the method of averaging. The resulting
equations reproduces the normal form of Hopf bifurcation. The equations can be
further simplified into phase equations by assuming that the amplitudes do not
change (or change very little compared to the phases).
(0) (0)
After 1) expanding eq. (S13) around the unstable fixed-point (Ej , Ij ) within
the stable limit cycle, with respect to the sigmoid function S[x], 2) abandoning
higher order terms of the expansion S[x], and 3) averaging over a cycle t =
[0, 2π/Ω), where Ω is the mean frequency of the whole oscillators, we get:

ṙj ≈ λj rj + σj rj3 +

N
∑

aE S ′ [χE,j ]rk Ajk cos(θk − θj ),
(0)

k=1

θ̇j ≈ ωj +

1
2

N
∑

(S14)

aE S ′ [χE,j ]
(0)

k=1

where

6

rk
Ajk sin(θk − θj ),
rj

1
(0)
(0)
ωj ≈ −Ω + (aE cIE S ′ [χE,j ] + aI cEI S ′ [χI,j ]),
2
1
(0)
(0)
λj = (aE cIE S ′ [χE,j ] − aI cEI S ′ [χI,j ] − 2),
2
σj =

(S15)

1 3
(0)
(0)
(aE cEE (c2EE + c2IE )S ′′′ [χE,j ] − a3I cII (c2II + c2EI )S ′′′ [χI,j ] − 2).
16

S ′ [x] and S ′′′ [x] are first and third derivatives of S at x. We used the abbreviation:

(0)

(0)

(0)

χE,j = aE (cEE Ej − cIE Ij − ρE + Pj + η

N
∑
k=1

(0)

(0)

(0)

Ajk Ek ),

(S16)

(0)

χI,j = aI (cEI Ej − cII Ij − ρI + Qj ).
This is exactly the normal form of Hopf bifurcation, i.e., Stuart-Landau model,
and if σj < 0 the oscillator will undergo the supercritical Hopf bifurcation.
If we assume that all amplitudes rj are small (and equal to each other), such
that we can discard all the terms with rj or higher-order (and to set rj /rk = 1), we
finally arrive at the Kuramoto model:
1∑
(0)
aE S ′ [χE,j ]Ajk sin(θk − θj ).
2 k=1
N

θ̇j = ωj +

(S17)

In this context, i.e., Stuart-Landau and Kuramoto models as the approximations for more complex neural mass models, we use these models to explain the
directionality of the information flow across networks.

2

Directed phase lag index of Kuramoto model on
complex networks

In this section we apply the Kuramoto model to complex networks with an broad
degree distribution such as random and scale-free networks [13], and calculate
directed phase lag index (dPLI) of the model on the network. The model used here
is similar to that of reference [14], and the method used to solve the model in that
reference can be adopted here to solve our model. The analysis of reference [14]
includes a similar line of arguments as reference [15].
7

Kuramoto model on complex networks
As shown in section 1 and in the references [1, 6, 7, 12], systems of coupled oscillators can be reduced to the following general form of phase-only equations as
the lowest order approximation:
θ̇j = ωj +

N
∑

Kjk H(θk − θj ),

j = 1, 2, ..., N,

(S18)

k=1

where θ̇j (t) is the phase of oscillator j at time t, ωj is the natural frequency of the
oscillator j, and N is the total number of oscillators. Kjk is the coupling strength
from oscillator k to oscillator j. H(θ) is the coupling function. This is the most
general form of the phase model for coupled oscillators. In our model, the coupling
function H(θ) is sin(θ).
Our model also requires finite transmission delays τ between different oscillators, emulating the delay of signal propagation between two neural mass populations:

θ̇j (t) = ωj +

N
∑

Kjk sin(θk (t − τ ) − θj (t)),

j = 1, 2, ..., N.

(S19)

k=1

This is the equation we use in our simulation as the neural mass model for brain
networks. The natural frequencies in our simulation are given as a Gaussian distribution with a mean at 10 Hz and standard deviation 1, making ωj about 10·2π rad/s.
Time delay is varied between 2 ∼ 50 ms in our simulation, but the value of delay
does not bring about qualitative differences of the outcome, as long as it is less
than a quarter of the time of one cycle for the natural frequency (in this case, given
the frequency of 10 Hz, the time for one cycle is 100 ms).
In order to analyze this model, we follow the mean-field technique used by Ko
et al. [14]. As an approximation of the model in Eq. (S19), we write

θ̇j (t) = ωj + Kj

N
∑

sin(θk (t − τ ) − θj (t)),

j = 1, 2, ..., N,

(S20)

k=1

where Kj corresponds to the average coupling strength to oscillator j. Through
this mean-field approximation, the coupling inhomogeneity is incorporated in Kj ,
8

and the model becomes easier to analyze. We analyze this model to study coupling
inhomogeneity, and relate the simulation results to networks with inhomogeneous
degree distribution (e.g., random network, scale-free network and brain network).
Reference [16] states that if the time delays between the oscillators are similar
or smaller in their order of magnitude compared to their oscillatory period, there
will be no explicit time delay term but rather represented as a phase delay term β
in the coupling function: H(θ −β). Normalization factor 1/N will be added to the
coupling strength for the ease of analysis. Taking into account of these changes,
we finally arrive at our equation of analysis:
N
Kj ∑
θ̇j = ωj +
sin(θk − θj − β),
N k=1

j = 1, 2, ..., N,

(S21)

at time t.
Our model Eq. (S21) is a simplified version of Ko et al.'s from the reference [14]. Analytic techniques and results from the reference can also be applied
to our model. We summarize the behaviors of the model that are necessary in
explaining the phase-lead/lag relationship between oscillators of the model. Compared to the given natural frequencies ωj , the nonzero phase delay β is going to
be small enough to assume that β ∈ (0, π/2). With this condition, we obtain a socalled partially locked state as the possible solution of Eq. (S21) [14]. In terms of
our original model in Eq. (S19), if the coupling strength K between each node is
increased from 0, the system as a whole will change from an incoherent state to a
partially locked state before reaching phase locked state. What follows is a more
detailed description of the nontrivial state, i.e., the partially locked state.
In a partially locked state, the oscillators are divided into a phase locked group
oscillating together, and a drifting group with different frequencies and phases
than the locked group. This partially locked state can be analyzed using a selfconsistency argument [10, 11, 14]. We first introduce a parameter R:
ReiΘ =

N
1 ∑ iθk
e .
N k=1

(S22)

R is an order parameter having values between 0 and 1; 0 indicates uniform incoherence, and 1 indicates in-phase synchrony.
Let Ω denote the frequency of the population oscillation of Eq. (S22) after the
system approaches a stationary state and let ϕj = θj − Ωt represent the phase of

9

oscillator j relative to the average oscillation. The Eq. (S21) can then be rewritten
using the order parameter defined in Eq. (S22) as follows:
ϕ̇j = ωj − Ω + Kj R sin(Φ − ϕj − β),

j = 1, 2, ..., N,

(S23)

where Φ = Θ − Ωt. When the system reaches a stationary state, R and Φ do not
depend on time.
The condition for the oscillators to be phase locked is ϕ̇j = 0.Then the amplitude of the coupling terms must be larger than the inherent terms:
Kj R > |ωj − Ω|.

(S24)

From the simulation result, we found that ωj −Ω > 0, which means that the average
frequency of the oscillators will be lower than the initially given frequencies: the
oscillators slow down as they synchronize with each other. We can also show this
analytically.
The oscillators satisfying the above condition in Eq. (S24) will asymptotically
approach a stable fixed point ϕj ∗ obtained from the following equation:
ωj − Ω = Kj R sin(ϕj ∗ − Φ + β).

(S25)

Three cases are possible:
case i)
case ii)
case iii)

ωj − Ω < 0
ωj − Ω = 0
ωj − Ω > 0

implying
implying
implying

π < ϕj ∗ − Φ + β < 2π,
ϕj ∗ − Φ + β = 0 or π,
0 < ϕj ∗ − Φ + β < π.

(S26)

Also, the stability condition for the fixed point is
cos(ϕj ∗ − Φ + β) > 0,

(S27)

ϕj ∗ − Φ + β ∈ (−π/2, π/2).

(S28)

leading to,

Applying Eq. (S28) reduces Eq. (S26) into:
case i) 3π/2 < ϕj ∗ − Φ + β < 2π,
case ii) ϕj ∗ − Φ + β = 0,
case iii) 0 < ϕj ∗ − Φ + β < π/2,
10

(S29)

or,
case i) 3π/2 − β < ϕj ∗ − Φ < 2π − β,
case ii) ϕj ∗ − Φ = −β,
case iii) 0 − β < ϕj ∗ − Φ < π/2 − β.

(S30)

Since Φ represents the phase of the average oscillation of all oscillators, ϕj ∗ − Φ
must be able to have both negative values and positive values. With β ∈ (0, π/2),
the only case yielding such possibility is case iii. Therefore, avoiding contradiction, ωj − Ω > 0.
Applying this result to the above condition Eq. (S24), we can state the condition
for node j to phase lock as:
Kj R > ωj − Ω.

(S31)

ϕj ∗ − Φ + β ∈ (0, π/2).

(S32)

We also find

We will use these findings in the calculation of the dPLI for the model.
The oscillators satisfying the above condition Eq. (S31) are phase locked at
frequency Ω in the original frame. The oscillators with Kj R < ωj − Ωj will not
be able to lock and will drift monotonically.
If we assume that the initial frequencies for each node j are given identically
(ωj = ω for j = 1, 2, ..., N ), we can further write the following expression as the
condition for the oscillators to phase lock:
ω−Ω
≡ Kl .
(S33)
R
From this condition, the oscillators that phase lock are the ones with their Kj > Kl ,
{
}
Dl = K j : K l < K j ,
(S34)
Kj >

and the oscillators that drift are the ones with their Kj < Kl ,
{
}
Dd = K j : K j < K l .
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(S35)

As noted, these results are applicable to the Kuramoto model on networks [14].
θ̇j = ωj + S

N
∑

Ajk sin(θk − θj − β),

j = 1, 2, ..., N,

(S36)

k=1

where S is the coupling strength, and A is the adjacency matrix describing the
coupling topology of the network. We will denote the incoming degree (number of
connections from other nodes) of node j by kj , and let Ajk be either 1 (if there exits
a connection from k to j) or 0 (if there is no connection between j and k). If the
oscillator connections are random, we can use the following approximation [14,
17]:
N
∑

N
Skj ∑
Ajk H(θk − θj ) ≈
H(θk − θj ).
S
N k=1
k=1

(S37)

With such relation, Eq. (S36) is approximately equivalent to the following equation:
N
Skj ∑
θ̇j = ωj +
sin(θk − θj − β),
N k=1

j = 1, 2, ..., N,

(S38)

which is equivalent to Eq. (S21) with Kj = Skj .
Whether a specific given network indeed satisfies the above approximation
can be confirmed by comparison with simulation results. However, provided there
exist sufficient connections between different "communities" of the network, and
because of its small-world property that allows short-cuts across the network, it
is known that the above mean-field approximation approach holds well for sufficiently strong coupling strength S such that clusters of entrained oscillators are
being formed [17].
The condition for a node j to phase lock is:
Skj R > ωj − Ω,

(S39)

and when ωj = ω for j = 1, 2, ..., N , Eq. (S33) can be restated:
Skj >

ω−Ω
≡ Skl ,
R
12

(S40)

kl being the critical degree. Nodes with degree larger than kl will phase lock,
and less than kl will drift. As the coupling strength S gets larger, the system will
eventually reach the fully locked state.

Directed phase lag index of the Kuramoto model on complex networks
We use directed phase lag index (dPLI) as the measure of direction of information
flow. Building on phase lag index (PLI) from reference [18], dPLI was first defined
in reference [19].
If two oscillators are phase locked, the condition Eq. (S3) is satisfied. Moreover if their frequencies are 1:1, Eq. (S3) can be rewritten:
|θjk | = |θj − θk | = constant,

(S41)

where θjk is the phase difference between node j and k. Given a time series, phase
differences at each time can be computed: θjk (t) for t = 1, 2, ..., T . PLI between
two oscillators j and k is defined as the absolute value of the time average of the
sign of θjk (t):
P LIjk = |⟨sign{θjk (t)}⟩|.

(S42)

The PLI ranges between 0 and 1: a PLI of zero indicates no coupling or coupling
with a phase difference centered around 0 mod π, and a PLI of 1 indicates perfect
phase locking at a difference other than 0 mod π. The stronger this nonzero phase
locking is, the closer to 1 PLI will be. The PLI does not reflect the magnitude of
the phase difference, or the direction.
dPLI was defined to indicate the direction of information flow. This measure
reflects which of the two signals is leading and which is lagging in phase. Here
we define dPLI as the PLI without taking the absolute value of:
dP LIjk = ⟨sign{θjk (t)}⟩,

(S43)

or, equivalently, as the following:
dP LIjk

T
1∑
=
H̃(θjk (t)),
T t=1

(S44)

here, H̃(x) ≡ 2H(x) − 1, where H(x) is the Heaviside step function yielding
values either 0 (if x < 0) or 1 (if x ≥ 0 ). H̃jk (x) will yield values either -1
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(if j is phase lagging compared to k) or 1 (if j is phase leading compared to k).
Therefore, dP LIjk will yield 1 if j is always phase leading compared to k, and
-1 if j is always phase lagging. If a phase-lead/lag relationship between two arbitrary nodes can be analyzed, we can automatically predict whether the dPLI values
will be positive or negative between those nodes. In this sense, finding dPLI and
phase-lead/lag relationship is equivalent.
We now derive phase-lead/lag relationships among oscillators of the network.
From the previous subsection, we know oscillators that are phase locked to each
other satisfy Eq. (S25),
ωj − Ω = Kj R sin(ϕj ∗ − Φ + β).

(S45)

∗

We also know that ϕj − Φ + β ∈ (0, π/2). Given two oscillators ϑ and φ, if we
assume their given frequencies are equal to each other, ωϑ = ωφ , and their average
coupling strengths Kϑ and Kφ have the relation Kϑ < Kφ , we can write:
Kϑ R sin(ϕϑ ∗ − Φ + β) = Kφ R sin(ϕφ ∗ − Φ + β).

(S46)

∗

From ϕj − Φ + β ∈ (0, π/2), we know that sin terms on both side of the equation
is positive and monotonically increasing. Therefore, for phase locked oscillators,
if Kϑ < Kφ , then ϕϑ ∗ − Φ + β > ϕφ ∗ − Φ + β, which leads to the following
relation: ϕϑ ∗ > ϕφ ∗ .
To summarize, for phase locked oscillators,
if

Kϑ < K φ

then ϕϑ ∗ > ϕφ ∗ .

(S47)

We can interpret these results for inhomogeneous networks via step of Eq. (S36)
to Eq. (S38). From Kj = Skj , the higher the degree of node j,kj , is, the larger the
value of Kj becomes. Therefore, if the degree of node j is higher, it will phase
lag, and lower degree nodes will phase lead. If the coupling strength S increases,
more and more oscillators will phase lock to each other. Therefore, the larger the
coupling strength S is, the more apparent the phase-lead/lag relationship will be.
Our simulation results are shown in S3 Figure, and confirm our analytic results.
In the derivations, we assumed constant time delay τ and therefore constant phase
delay β between oscillators. We also assumed that the given natural frequencies
of the oscillators are all equal to each other: ωj = ω. In the simulations however,
distance-dependent time delay as well as constant time delay were applied in the
case of Gong's anatomic human brain network. The result is similar, always showing negative correlation between the node degree and dPLI. The simulations show
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that the analytical results hold well for distance-dependent time delays as long as
the delays are smaller than one quarter of one oscillating cycle, as is the case with
the constant time delays. Additionally, the natural frequencies of the oscillators
were given as a Gaussian distribution with mean at 10 Hz and standard deviation
1 (making ωj around 10∙2π rad/s). The result were again similar in the case where
all natural frequencies were equal (ωj = ω). The variations in the time delay τ
and ωj will act as perturbations to each oscillators while maintaining the overall
tendency of the negative correlation. In addition to above perturbations, we also
added a Gaussian white noise ξj (t) of vanishing mean and standard deviation of 2
to each oscillator's equation to test the robustness of our results against perturbations. Against all these perturbations, as shown in S3 Figure, the main finding of
the analysis was still maintained: higher degree nodes phase-lag, whereas lower
degree nodes phase-lead.

3

Directed phase lag index of Stuart-Landau model
on complex networks

In this section we describe the Stuart-Landau model on scale-free networks [20,
21], and derive dPLI for the model on the network. The method used to analyze
the Kuramoto model can be applied here as well.

Stuart-Landau model on complex networks
As shown in section 1, the Stuart-Landau model can be derived as the normal form
for the Hopf bifurcation. The Wilson-Cowan model was given as an example: the
model was expanded to the range of solutions yielding a stable limit cycle, and the
resulting low-order approximation was equivalent to the Stuart-Landau model.
The Stuart-Landau model is written as:

żj = {λj + iωj − (σj + iγj )|zj | }zj +
2

N
∑

Kjk zk ,

j = 1, 2, ..., N,

(S48)

k=1

where complex variable żj (t) describes the state of jth oscillator.
For the moment, let us first consider the model without the coupling term, that
is, the inherent part of the model only:
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(a)

Zi

(b)

Zi

ZR

ZR

Illustration 1: Eq. (S49) with σj > 0 and ω > 0. σj > 0 makes it a case of supercritical bifurcation, chainging from stable focus (a) to stable limit cycle with an
unstable focus at the center. ω > 0 makes the trajectory rotate counter-clockwise.
If ω < 0 the trajectory rotates clockwise. (a) When λj < 0 there is a stable focus
at the center. (b) When λj > 0 stable focus changes to unstable focus, and a stable
limit cycle appears.

żj = {λj + iωj − (σj + iγj )|zj |2 }zj .

(S49)

In this equation, λj is a parameter controlling how fast the trajectory decays onto
the attractor, ωj is the natural frequency of each oscillator, and γj is the coupling
term between the amplitude and phase of the oscillator. The sign of σj decides
whether the Hopf bifurcation is supercritical (σj > 0) or subcritical (σj < 0).
Here, we assume that λ, ω, σ, and γ are all nonnegative. Then the equation
yields a stable limit cycle from the supercritical Hopf bifurcation [20, 21]. A stable
limit cycle appears via a superciritical Hopf bifurcation when λj > 0, where as
when λj < 0 there is only a stable focus at the center (the point of bifurcation is
λj = 0). Illustration 1 shows the behaviour of the equation Eq. (S49) in the case
of σj > 0. The dynamics of the equations for γ = 0 and γ ̸= 0 are topologically
equivalent, so the value of γ is often irrelevant. For the ease of analysis, we set
γ = 0 and σ = 1. Also, we again add time-delay τ between nodes.
Returning back to the model with the coupling term, for each node j, the dynamics will be:
16

żj (t) = {λj + iωj − |zj (t)| }zj (t) +
2

N
∑

Kjk zk (t − τ ).

(S50)

k=1

This is the form of the model we use in our simulation. We set λj = 2 for all
j = 1, 2, ..., N , and again give a Gaussian distribution with a mean at 10 Hz and
a standard deviation 1 for natural frequencies, making ωj about 10 · 2π rad/s. The
time delay is varied between 2 ∼ 50 ms, but again does not result in qualitative
differences as long as it is smaller than a quarter the time of one cycle for the natural frequency ( 25 ms).
We again use the mean-field approximation technique of reference [14] as used
in the section 2 to analyze this model. As an approximation of the model Eq. (S50),
we write:
żj (t) = {λj + iωj − |zj (t)| }zj (t) + Kj
2

N
∑

zk (t − τ ),

(S51)

k=1

where Kj corresponds to the average coupling strength to oscillator j. Again, the
coupling inhomogeneity is incorporated in Kj . We analyze this model to study
coupling inhomogeneity and relate the simulation results from networks with inhomogeneous degree distribution (e.g., random network, scale-free network and
brain network).
As in section 2, we use the result from reference [16]: if the time delays between the oscillators are similar or smaller compared to their oscillatory period,
time delay can be represented generically as a phase delay term β without an explicit time delay term. Normalization factor 1/N will be added to the coupling
strength for the ease of analysis. We arrive at the following equation for each
node j:
żj = {λj + iωj − |zj |2 }z +

N
Kj ∑
zk (t)e−iβ ,
N k=1

(S52)

at time t. Eq. (S52) can be separated into two variables:
ṙj = {λj − |zj |2 }rj +

N
Kj ∑
rk cos(θk − θj − β),
N k=1
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(S53)

θ̇j = ωj +

N
Kj ∑ r k
sin(θk − θj − β).
N k=1 rj

(S54)

These are the equations to be used in the analysis. rj (t) is the amplitude of node
j, and θj (t) is the phase of node j at time t.
We define a new parameter for the Stuart-Landau model for our analysis:
R̃e

iΘ

N
1 ∑ iθj
rj e .
=
N j=1

(S55)

∑
iθj
R̃ is a generalization of R defined in Eq. (S22): ReiΘ = N1 N
j=1 e . This new
parameter R̃eiΘ is a sum of all the zj s in the network, and R̃ can have values near
∑
0 (when they are in uniform incoherence), to N1 N
j=1 rj , the mean of amplitude of
the oscillators (when they are in-phase synchronized). When they are completely
synchronized, their amplitudes are all equal to each other (like the phases are) and
the value R̃ will equal their amplitudes, rj .
Denoting Ω the frequency of the population oscillation of Eq. (S55) after the
system approaches a stationary state and setting ϕj = θj −Ωt the phase of oscillator
j relative to the average oscillation, the Eq. (S53) and (S54) can be written using
the new order parameter Eq. (S55) as follows for each node j:
ṙj = {λj − rj 2 }rj + Kj R̃ cos(Φ − ϕj − β),
ϕ̇j = ωj − Ω + Kj

R̃
sin(Φ − ϕj − β),
rj

(S56)
(S57)

where Φ = Θ − Ωt. R̃ and Φ will not depend on time when the system reaches a
stationary state. We can also write in one equation form,
żj = {λj + i(ωj − Ω) − |zj |2 }z + Kj R̃ei(Φ−β) .

(S58)

The result is in the form of a Stuart-Landau equation with a forcing term; such
an equation has been studied in references [22, 23, 24]. Here we focus on the
relations between the amplitude rj , the strength Kj and the phase-lead/lag of node
j compared to each other.
The phase equation Eq. (S57) is similar to the equation for the Kuramoto model
Eq. (S23): ϕ̇j = ωj − Ω + Kj R sin(Φ − ϕj − β), with the difference being a factor
1/rj , and R̃ instead of R. The simulation shows similarity to the Kuramoto model
such that ωj − Ω > 0, as synchronized frequency of the oscillators is lower than
18

the initially given frequencies. However, we do not have to rely on the simulation.
Similar analysis done for Eq. (S23) in the previous section can also be applied to
Eq. (S57). When the system reaches a stationary state, R̃ and Φ do not depend on
time. Repeating the analysis done from Eq. (S24) to Eq. (S30) for Eq. (S57), we
again find ωj − Ω > 0. Also, we find the condition for node j to phase lock:
Kj

R̃
> ωj − Ω.
rj

(S59)

We also find, again,
ϕj ∗ − Φ + β ∈ (0, π/2).

(S60)

As the coupling strength gets larger, the synchronized frequency decreases.
However, there exists a notable difference between the Stuart-Landau model and
the Kuramoto model. For a sufficient coupling strength the population is divided
into two groups in the Kuramoto model, a phase locked group and a drifting
group, before they phase lock as one group for even larger coupling strength. For
the Stuart-Landau model, the oscillators phase lock as one group more instantaneously. The reason for this difference will become apparent later.
If the system indeed reaches the stationary state so that the oscillator j of the
model asymptotically reaches a stable value (rj∗ , ϕ∗j ), Eq. (S56) and (S57) can be
written as:
−{λj − rj∗ 2 }rj∗ = Kj R̃ cos(ϕ∗j − Φ + β),
ωj − Ω = K j

R̃
sin(ϕ∗j − Φ + β).
rj∗

(S61)
(S62)

The solution (rj∗ , ϕ∗j ) to the equations is the stable fixed point we sought after.
If we square both equations and add them together, we arrive at the following
expression:
rj∗ 2 {(λj − rj∗ 2 )2 + (ωj − Ω)2 } = (Kj R̃)2 .

(S63)

This is a cubic equation for rj∗ 2 . Being a cubic equation with real coefficients, up to
three real solutions are possible, and at least one real solution exists [22, 23]. The
Tartaglia explicit formula for cubic equations are available to solve this equation,
but is extremely involved. However we can utilize graphical methods to draw out
useful information [24].
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We first rearrange the equation with substitutions. With

∗2

 x ≡ rj ,
A ≡ λj ,


B ≡ ωj − Ω,
we set
g(x; A, B) ≡ x{(A − x)2 + B 2 }.

(S64)

(S65)

The squared amplitude of the phase locked solution x ≡ rj∗ 2 is obtained from
the solutions to g(x) = (Kj R̃)2 . We look for positive real solutions. Graphically,
we look for intersections of the function g(x) with a horizontal line drawn at height
(Kj R̃)2 above the x-axis. There exists at least one intersection always. There
are two possible cases for the intersections to occur as depicted in Illustration 2,
depending on the parameters A and B. g(x) may be monotonically increasing and
there will exist one positive real solution (case i), or g(x) may have local maximum
and minimum at positive x values xmax and xmin before monotonically increase
(case ii). In the case ii, if g(xmin ) < (Kj R̃)2 < g(xmax ) there will exist three
positive real solutions. the proof of existance for such solutions for both cases are
well documented in the reference [22].
We can calculate the condition for the case ii. If we take the derivative of g(x),
∂g(x; A, B)
= 3x2 − 4Ax + (A2 + B 2 ).
(S66)
∂x
The condition for the g(x) to be case ii is, for the following equation to have two
solutions which are non-imaginary:
∂g(x; A, B)
= 0.
∂x

(S67)

The solution to Eq. (S67) is
√
A2 − 3B 2
2A
±
,
x± =
3
3
and for x± to be two different non-imaginary values,

(S68)

A2 > 3B 2 ,

(S69)

λj 2 > 3(ωj − Ω)2 .

(S70)

or,
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(a)

(b)

Illustration 2: Possible cases for g(x) = (Kj R̃)2 . g(x) is a blue curve, and (Kj R̃)2
is a red dashed-line. (a) g(x) may monotonically increase, or (b) g(x) may have
local maximum and minimum at positive x values xmax and xmin before monotonically increase. If g(xmin ) < (Kj R̃)2 < g(xmax ) there will exist three positive
real solutions.
Because ωj − Ω > 0, we arrive at the following condition:
λj
ωj − Ω < √ .
(S71)
3
Simulation results show that this condition is not satisfied with our parameters
(λj = 2 and ωj ≃10 · 2π), when the coupling strength is sufficiently large. Especially as the coupling strength gets larger, A2 ≪ 3B 2 . Once again, we do not have
to rely on the simulation to show that such is the case.
We modify Eq. (S71) slightly:
−rj∗ 2 +

√

3(ωj − Ω) < −rj∗ 2 + λj .

(S72)

From Eq. (S62)
We can replace the second term of the left side of
√ andR̃Eq. (S61),
∗
the Eq. (S71) by 3Kj r∗ sin(ϕj −Φ+β) and the right side by Kj R̃ cos(ϕ∗j −Φ+β),
j
respectively:

21

−rj∗ 2 +

√
R̃
R̃
3Kj ∗ sin(ϕ∗j − Φ + β) < −Kj ∗ cos(ϕ∗j − Φ + β).
rj
rj

(S73)

Rearranging and using trigonometric identities we arrive at:
Kj

rj∗ 2
π
R̃
∗
−
Φ
+
β
+
sin(ϕ
)
<
.
j
rj∗
6
2

(S74)

For large Kj , from Eq. (S79) to Eq. (S82) we can write:
rj∗ ≈ (Kj R̃)1/3 .

(S75)

Putting Eq. (S75) into Eq. (S74), we arrive at
π
1
)< .
(S76)
6
2
Since (ϕ∗j − Φ + β) ∈ (0, π/2), the left side of this inequality is always larger than
1
, and therefore Eq. (S76) cannot be satisfied. In the conclusion,the condition for
2
case ii cannot be satisfied for large Kj .
Therefore, for large kj , it is the case i the model belong to: g(x) monotonically
increasing with x. In this case, as depicted in Illustration 2 (a), as the value of
(Kj R̃)2 gets larger, the intersection between g(x) and (Kj R̃)2 will always occur
at a higher value of x:
sin(ϕ∗j − Φ + β +

xφ > xϑ

f or

Kφ > K ϑ ,

(S77)

g(xϑ ) = (Kϑ R̃)2 .

(S78)

where xφ and xϑ are the solutions to
g(xφ ) = (Kφ R̃)2

&

Using the definition x ≡ rj∗ 2 , we conclude that the amplitude increases as Kj
increases.
We can also analyze how fast rj∗ increases as Kj gets larger. We can divide the
curve g(x) for x > 0 into three ranges, and analyze behavior of the curve within
each range: 0 < x < xmax , xmax < x < xmin , and xmin < x. For each range,
we can expand and approximate g(x) by assuming that g(x) is near x = 0, near
x = 2A/3 (the point of inflection where the concavity of the curve changes), and
x ≫ 0 for each range respectively:
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g(x) ≈ (A2 + B 2 )x



A2
g(x) ≈ (−
+ B 2 )x

3


 g(x) ≈ x3

f or

0 < x < xmax ,

f or

xmax < x < xmin ,

f or

x > xmin .

(S79)

If the intersection of g(x) and Kj R̃ occurs in each range ( g(x) = Kj R̃), using the
definition x ≡ rj∗ 2 , we can write


(Kj R̃)2 ≈ (A2 + B 2 )rj∗ 2



A2
+ B 2 )rj∗ 2
(Kj R̃)2 ≈ (−

3



2
∗2 3
(Kj R̃) ≈ (rj )

f or

0 < x < xmax ,

f or

xmax < x < xmin ,

f or

x > xmin ,

f or

0 < x < xmax ,

f or

xmax < x < xmin ,

f or

x > xmin .

(S80)

or,


Kj R̃


rj∗ ≈ √


A2 + B 2


Kj R̃
rj∗ ≈ √



−A2 /3 + B 2



 ∗
rj ≈ (Kj R̃)1/3

(S81)

For small x, g(x) ∼ x and for large x, g(x) ∼ x3 . Also, because the interception
of g(x) and Kj is bound to occur at a larger value of x as Kj increases, we can
summarize the results as the following:
rj∗ ≈ Kj R̃
rj∗

≈ (Kj R̃)

1/3

f or

small Kj ,

f or

large Kj .

(S82)

We match the above results with the Stuart-Landau model on a network,
żj (t) = {λj + iωj − |zj (t)| }zj (t) + S
2

N
∑

Ajk zk eiτ ,

(S83)

k=1

where S is the coupling strength, and A is the adjacency matrix for the network.
The incoming degree (number of connections from other nodes) of node j is denoted as kj , and Ajk is either 1 (there exits a connection from k to j) or 0 (there is
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no connection between j and k). We can use the following approximation, if the
oscillator connections are not too biased [14, 17]:
N
∑

N
Skj ∑
S
Ajk zk e ≈
zk eiτ .
N
k=1
k=1
iτ

(S84)

Finally,
N
Skj ∑
żj (t) = {λj + iωj − |zj (t)| }zj (t) +
zk eiτ ,
N k=1
2

j = 1, 2, ..., N, (S85)

which is equivalent to Eq. (S52) with Kj = Skj .
Again, for networks with sufficient connections between different "communities" (i.e., small-world networks), for sufficiently strong coupling strength S such
that clusters of entrained oscillators are being formed, the above mean-field approximation approach holds well [17].
Combining the relation Kj = Skj with Eq. (S82),
rj∗ ∼ Skj R̃
rj∗

∼ (Skj R̃)

1/3

f or

small Skj ,

f or

large Skj .

(S86)

Therefore, higher degree nodes will have larger amplitudes, and lower degree
nodes will have smaller amplitude.
Before we proceed to calculate the dPLI, we return to Eq. (S61) and (S62).
The necessary conditions for the Eq. (S61) and (S62) to have a solution (rj∗ , ϕ∗j )
are
Kj R̃ ≥ {rj∗ 2 − λj }rj∗ ,

(S87)

Kj R̃ ≥ {ωj − Ω}rj∗ .

(S88)

For the Stuart-Landau model on a network, we can write
Skj R̃ ≥ {rj∗ 2 − λj }rj∗ ,

(S89)

Skj R̃ ≥ {ωj − Ω}rj∗ .

(S90)
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If the strength S is small enough, or kj is small, then there may be oscillators
not able to have a stationary solution and drift just as in the case of the Kuramoto
model. However, for large value of S, as the strength S increases, rj∗ only increases
as much as (Kj R̃)1/3 . Therefore, when we increase value of S, all oscillators
will eventually satisfy the necessary conditions sooner, and will asymptotically
reach the phase locked solution (rj∗ , ϕ∗j ) faster. The difference compared to the
Kuramoto model comes from the factor rj∗ .
We can further inspect the stability conditions for the solution (rj∗ , ϕ∗j ):
3rj∗ 2 − λj > 0,

(S91)

cos(ϕ∗j − Φ + β) > 0.

(S92)

With Eq. (S61), (S92), we find that rj∗ 2 − λj > 0. This finding will be utilized in
the calculation of the dPLI for the Stuart-Landau model.

Directed phase lag index of Stuart-Landau model on complex
networks
Eq. (S62) and (S61) can be combined to obtain information about the phase of the
oscillators. These equations can be written in the following fashion:
−

λj − rj∗ 2
Kj R̃

rj∗ = cos(ϕ∗j − Φ + β),

ωj − Ω ∗
rj = sin(ϕ∗j − Φ + β).
Kj R̃

(S93)
(S94)

If we divide Eq. (S94) by Eq. (S93), we arrive at
tan(ϕ∗j − Φ + β) =

ωj − Ω
.
rj∗ 2 − λj

(S95)

If rφ∗ > rϑ∗ , assuming λ∗φ = λ∗ϑ = λ, then (ωφ − Ω)/(rφ∗ 2 − λ) < (ωϑ − Ω)/(rϑ∗ 2 −
λ). Again assuming ωφ = ωϑ = ω, since ω − Ω > 0 and rj∗ 2 − λ > 0 for any j ,
tan(ϕ∗φ − Φ + β) < tan(ϕ∗ϑ − Φ + β).

(S96)

If (ϕ∗j − Φ + β) ∈ [−π/2, π/2] (which is confirmed in the previous section), the
following holds:
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If

rφ∗ > rϑ∗

then ϕ∗φ < ϕ∗ϑ .

(S97)

To summarize, nodes with larger amplitude will will phase-lag compared to nodes
with smaller amplitudes.
From Eq. (S82) and (S86), we know that the amplitude is proportional to the
degree of the node. Therefore, higher degree nodes will phase-lag, whereas lower
degree nodes phase-lead.
Our simulation results are shown in S4 Figure, and confirm our analytic results.
Again, as in the case of the Kuramoto model, we assumed constant time delay τ
and therefore constant phase delay β between oscillators in our derivations, and
assumed that the given natural frequencies of the oscillators are all equal to each
other: ωj = ω. In the simulations on Gong's anatomic human brain network,
both distance-dependent time delay and constant time delay were applied, both
showing the negative correlation between the node degree and dPLI as long as
the delays are smaller than a quarter of one oscillating cycle. For Fig. 4 in the
main text where distance-dependent time delay was used, Spearman correlation
coefficient was -0.61, whereas constant time delay was used, the coefficient was
-0.63 both with p < 0.01. The natural frequencies of the oscillators were given as
a Gaussian distribution with mean at 10 Hz and standard deviation 1 (making ωj
around 10∙2π rad/s) in simulations. The results were similar with the case where
all natural frequencies were equal (ωj = ω). The variations in the time delay τ and
the natural frequency ωj act as perturbations to each oscillators while maintaining
the overall tendency of the negative correlation. In the simulations a Gaussian
white noise ξ(t)j of vanishing mean and standard deviation of 2 was added to
each oscillator's equation, to test the robustness of our results against the noise.
As shown in S4 Figure the main finding of the analysis was still maintained with
these perturbations. Higher degree nodes phase-lag, whereas lower degree nodes
phase-lead. We also supplement our results with S2 Figure highlighting the distinct
local dynamics for the hub nodes and the periphery nodes, regardless of network
type (scale-free network, random network, hierarchical modular network [25], and
brain networks of Gong and Hagmann).
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4

Comparison between different measures for the
Stuart-Landau model

As mentioned in section 2, dPLI reflects which of two signals is leading and which
is lagging in phase. This phase-lead/lag relationship is used as a surrogate for the
direction of information flow. It can be asserted that all causal influences lead and
resultant effects lag, simply by virtue of the temporal constraints on cause-effect
relationships. However, the converse assertion that every lead/lag relationship reflects a causal influence does not hold. As such, we conducted parallel analyses
with the causality measure Granger causality (GC) and the information-theoretic
measure symbolic transfer entropy (STE).
GC is a statistical concept of causality based on whether one time series is useful in predicting another. A signal X "Granger-causes" another signal Y , if past
values of X provide statistically significant information in predicting Y , more so
than the information contained in the past values of Y alone [26, 27].
Transfer Entropy is an analytic technique rooted in information theory, and is
a surrogate for the transfer of information between two signals. Transfer Entropy
from a signal X to another signal Y is the amount of uncertainty reduced in future values of Y , by knowing the past values of X given past values of Y . STE
is a simplified version of the Transfer Entropy, that uses the technique of symbolization [28, 29]. Here we used STE to utilize its robustness and computationally
faster speed.
dPLI, GC, and STE were applied to the Stuart-Landau model on Gong's human
brain network with distance dependent time delays between nodes(S1 Figure). The
results with constant time delay was also similar. For GC, Seth's toolbox was used
to compute [27]. The results show qualitatively similar findings across dPLI, GC,
and STE, with quantitative differences relating to the coupling strength at which
the phenomenon is clearly manifest. All results show that the nodes with higher degree either phase-lag (dPLI: S1 Figure (A)), Granger-caused (GC: S1 Figure (B)),
or information transferred (STE: S1 Figure (C)). Negative correlations between
node degree, and the measures dPLI, GC and STE are apparent (average Spearman correlation coefficients of -0.60, -0.59 and -0.54 respectively, with P<0.01
for the coupling strength of 1.5∼10 for dPLI and GC, and 15∼50 for STE). The
results suggest that the phase-lead/lag relation, causality, and the information flow
transfer are possibly all correlated with each other, supporting the general interpretation that dPLI reflects information transfer despite the fact that it is not a direct
measure of information transfer.
27

Supporting References
[1] Hoppensteadt FC, Izhikevich EM. Weakly Connected Neural Networks. 1st
ed. New York: Springer-Verlag; 1997.
[2] Pikovsky A, Rosenblum M, Kurths J. Synchronization. 1st ed. New York:
Cambridge University Press; 2001.
[3] Bonnin M, Corinto F, Gilli M. Phase model reduction and phase locking of
coupled nonlinear oscillators. Int J bif and Chaos. 2010;20: 645-656.
[4] Guckenheimer J, Holmes P. Nonlinear Oscillations, Dynamical Systems, and
Bifurcations of Vector Fields. 1st ed. New York: Springer-Verlag; 1983.
[5] Strogatz SH. Nonlinear Dynamics and Chaos. 1st ed. Cambridge (MA):
Westview Press; 1994.
[6] Kuramoto Y. International Symposium on Mathematical Problems in Theoretical Physics, Lecture Notes in Physics, Vol. 39. 1st ed. Arakai H, editor.
New York: Springer; 1975.
[7] Strogatz SH. From Kuramoto to Crawford: exploring the onset of synchronization in populations of coupled oscillators. Physica D. 2000;143: 1-20.
[8] Wilson HR, Cowan JD. Excitatory and inhibitory interactions in localized
populations of model neurons. Biophys J. 1972;12: 1-24.
[9] Destexhe A, Sejnowski TJ. The Wilson–Cowan model, 36 years later. Biol
Cybern. 2009;101: 1-2.
[10] Schuster HG, Wagner P. A model for neuronal oscillations in the visual cortex: 1. Mean-field theory and derivation of the phase equations. Biol Cybern.
1990;64: 77-82.
[11] Schuster HG, Wagner P. A model for neuronal oscillations in the visual cortex: 2. Phase description of the feature dependent synchronization. Biol Cybern 1990;64: 83-85.
[12] Daffertshofer A, van Wijk BCM. On the influence of amplitude on the connectivity between phases. Front Neuroinformatics. 2011;5: 8.

28

[13] Albert R, Barabási A-L. Statistical mechanics of complex networks. Rev
Mod Phys. 2002;74: 47.
[14] Ko TW, Ermentrout GB. Partially locked states in coupled oscillators due to
inhomogeneous coupling. Phys Rev E. 2008;78: 016203.
[15] Abrams DM, Strogatz SH. Chimera states in a ring of nonlocally coupled
oscillators. Int J bif and Chaos. 2006;16: 21-37.
[16] Izhikevich EM. Phase models with explicit time delays. Phys Rev E.
1998;58: 905.
[17] Hong H, Park H, Tang L-H. Finite-size scaling of synchronized oscillation
on complex networks. Phys Rev E. 2007;76: 066104.
[18] Stam CJ, Nolte G, Daffertshofer A. Phase lag index: assessment of functional
connectivity from multi channel EEG and MEG with diminished bias from
common sources. Hum Brain Mapp. 2007;28: 1178-1193.
[19] Stam CJ, van Straaten ECW. Go with the flow: use of a directed phase lag
index (dPLI) to characterize patterns of phase relations in a large-scale model
of brain dynamics. NeuroImage. 2012;62: 1415-1428.
[20] Selivanov AA, Lehnert J, Dahms T, Hövel P, Fradkov AL, Sch öll E. Adaptive synchronization in delay-coupled networks of Stuart-Landau oscillators.
Phys Rev E. 2012;85: 016201.
[21] Bergner A, Frasca M, Sciuto G, Buscarino A, Ngamga EJ, Fortuna L, Kurths
J. Remote synchronization in star networks. Phys Rev E. 2012;85: 026208.
[22] Gambaudo JM. Perturbation of a Hopf bifurcation by an external timeperiodic forcing. J Differential Equations. 1985;57: 172-199.
[23] Marques F, Meseguer A, Lopez JM, Pacheco JR, Lopez JM. Bifurcations
with imperfect SO(2) symmetry and pinning of rotating waves. Proc R Soc
A. 2013;469: 20120348.
[24] Le Gal P, Nadim A, Thompson M. Hysteresis in the forced Stuart-Landau
equation: application to vortex shedding from an oscillating cylinder. J Fluids
and Structures. 2001;15: 445-457.

29

[25] Sales-Pardo M, GuimeraŔ, Moreira A, Amaral L. Extracting the hierarchical organization of complex networks. Proc Natl Acad Sci USA. 2007;104:
15224-15229.
[26] Granger CWJ. Investigating causal relations by econometric models and
cross-spectral methods. Econometrica. 1969;37: 424-438.
[27] Seth AK. A MATLAB toolbox for Granger causal connectivity analysis. J
Neurosci Methods. 2010;186: 262-273.
[28] Staniek M, Lehnertz K. Symbolic transfer entropy. Phys Rev Lett. 2008;100:
158101.
[29] Lee U, Ku S, Noh G-J, Baek S, Choi B-M, Mashour GA. Disruption of
frontal–parietal communication by Ketamine, Propofol, and Sevoflurane.
Anesthesiology. 2013;118: 1264-1275.

30

